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ABSTRACT 
IDENTIFYING THE VAN HIELE LEVELS OF GEOMETRIC 
THINKING IN SEVENTH GRADE STUDENTS 
THROUGH THE USE OF 
JOURNAL WRITING 
FEBRUARY 1993 
GLORIA JEAN WALTER MORAN, B.S. SUNY-BUFFALO 
M.Ed. BRIDGEWATER STATE COLLEGE 
Ed.D., UNIVERSITY OF MASSACHUSETTS 
Directed by: Professor William Masalski 
The purpose of this study was to implement the van 
Hiele model of geometry in the seventh grade of a public 
school and determine if the levels of knowing, determined by 
the van Hieles, could be identified in a classroom setting. 
The study investigated the observed subjects' entry levels 
of geometric knowing, whether those entry levels were 
consistent with those identified by Pierre and Dina van 
Hiele and in the Brooklyn College Study, whether journal 
entries could be used to identify the van Hiele levels of 
thinking within the context of a classroom setting, and the 
five phases that van Hiele believes are necessary for 
progression from one level of thought to another. 
Seventy-eight subjects, from three ability level 
groups, participated in the 15 sessions of the study. Each 
session included time for the individual student to record 
initial responses to questions and to explain relationships 
and share responses. 
vi 
This study was designed to determine if a classroom 
investigator could follow the steps outlined by The Project 
at Brooklyn College, and identify the van Hiele levels of 
thinking using the Module descriptors. The students in this 
study kept their own records which were read and interpreted 
by the investigator. A second reader validated the 
findings. 
It was found that it is possible to correlate the van 
Hiele levels of thinking in the classroom setting with the 
findings of The Project at Brooklyn College. 
Sixty-eight percent of the subjects in Class A remained 
at Level 0, identifying shapes by appearance, while 32% of 
the subjects made progress toward Level 1 where properties 
were included. For Class B, 10% remained at Level 0, 70% 
made progress toward Level 1 and 20% had some movement 
toward Level 2, where informal arguments were presented. 
Class C had 6% in Level 0, 73% in Level 1 and 21% showing 
movement toward Level 2. 
Finally, as suggested by the van Hieles, one must 
continually pass through the five phases of learning to move 
from one level to the next. This was affirmed in the 
clinical setting in the Brooklyn College Study and 
reaffirmed in this classroom study. 
• • 
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CHAPTER 1 
INTRODUCTION TO THE PROBLEM 
The best way to learn geometry is to 
follow the road which the human race 
originally followed: do things, make 
things, notice things, arrange things, 
and only then reason about things. 
(Sawyer 1943, 13) 
There is evidence to suggest that in the four decades 
since these words were written geometry teaching has not 
encompassed this theory. We continue to teach geometry from 
textbooks without the materials that would help students 
envision geometry. Likewise, we are remiss in helping 
students make the connection between the geometry of the 
textbook and its applications in daily life. 
According to the responses of students in college 
mathematics methods classes taught by this author, geometry 
continues to plague these students as they study the 
subject. One student lamented, "When I think about geometry 
the first thing that comes to mind are those boring, 
complicated theorems. I could never figure out the why." 
When asked if she ever was introduced to models or visual 
three dimensional representations her response echoed that 
of many students, "Beyond the book we only used rulers, 
protractors and compasses." 
In 1986 William Burger, a professor at Oregon State, 
spoke about geometry at a National Council of Teachers of 
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Mathematics (NCTM) convention in Washington, D.C. His 
speech centered on a model that was unfamiliar to this 
author, the van Hiele levels of understanding geometry. 
Burger noted that students were often at one level of the 
five levels of understanding while they were being taught at 
another level. Consequently, students had great difficulty 
understanding geometric concepts and even more difficulty 
trying to apply those geometric ideas. Obviously, the main 
intent is not only to provide our students with the 
fundamentals of the subject but to help them make links 
between what they know and the application of that 
knowledge. We seem to treat the subject of geometry as one 
of isolation instead of integration; of misconceptions not 
of understandings. 
It was not until a second encounter with the van Hiele 
model, at an Association of Teachers of Mathematics in 
Massachusetts workshop, that the framework for this paper 
began to evolve. Laurie Boswell, a speaker at the workshop, 
was on a sabbatical leave from teaching high school and 
reported on an experience she had with geometry under¬ 
standing. At the University of New Hampshire she had an 
opportunity to work with one of her former high school honor 
students and realized that even though he had attained high 
grades, she found his level of geometry thinking was below 
the expected level of attainment. I began to question the 
van Hiele levels in terms of my own junior high students. 
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Since Dina van Hiele's dissertation, Didactics of 
Geometry in the Lowest Class of Secondary School (1957/1984) 
was implemented in the Dutch first level secondary school, 
there was a direct comparison in age levels to my own 
seventh graders. Therefore, it was necessary to examine her 
dissertation. Since that document was written in Dutch, a 
National Science Foundation Grant at Brooklyn College made 
it possible to have this material and other writings of Dina 
and Pierre van Hiele translated into English. Under the 
auspices of this grant the van Hiele levels of geometric 
understanding were verified, the geometry strand in K-8 
textbooks used in the United States were analyzed according 
to the van Hiele model, and the ability of teachers to be 
trained to identify these levels of geometric learning 
within their classrooms was studied. 
It has been reported by Burger and Shaughnessy (1985) 
that the Russians recognized the strength of the van Hiele 
model and have been incorporating this model into their math 
program for years. It would behoove us to examine the van 
Hiele model closely to study the implications it might have 
for improving our own geometry teaching, especially prior to 
the traditional secondary American mathematical sequence 
that places geometry as the tenth grade course of study. 
According to Wirszup our students study only a year of high 
school geometry. Without additional experience the students 
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"rarely have the workable perceptions of three-dimensional 
space that is essential in many areas of science, technical 
design and engineering" (D 1983/J 1984, 6). He noted that 
Soviet students study five years of intuitive geometry in 
the first to fifth grades for an hour a week. This 
increases to two hours a week for the next three years, 
which would correspond to the years our students are in the 
middle school/junior high. That sequence is then followed 
by two years of solid geometry taught for two hours a week. 
We fall far short of these expectations for our students, 
even with the most optimistic schedule. 
Geometry is based upon a complex structure of ideas. 
As Pingry (1956) noted, students learning these ideas are 
reguired to work up through the structure, and cannot enter 
the structure wherever they choose. As a junior high 
mathematics teacher it is essential that I continue to 
search for and examine ideas and materials that will enable 
my students to enter the world of geometry at the ap¬ 
propriate level and to make every attempt to help them 
understand the overlapping structure of the geometrical 
world. Students need to experiment with, create models of, 
and mold the environment in which they exist. 
There also seems to be a need to record how children go 
about learning these geometric concepts if we are to improve 
our teaching of geometry. Elkind paraphrased Piaget when he 
wrote, "The only way to discover how children go about 
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learning a particular subject is to study children learning" 
(1989, 113). Therefore, this study examined the way in 
which children in a classroom learn the early concepts of 
geometry through a structured progression of activity-based 
lessons. 
Statement of Purpose 
The purpose of this study was to implement the van 
Hiele model of geometry in a regular seventh grade public 
school setting and determine if the levels of knowing, 
determined by the van Hieles, could be identified in a group 
setting. Usiskin (1982) acknowledged that Hoffer had 
labeled the general terms for these levels as recognition, 
analysis, order, deduction and rigor. 
This study investigated: 
1. the observed students' entry levels of geometric 
knowing. 
2. whether students' entry levels for geometry were 
consistent with those identified by van Hiele and 
the Brooklyn College Study. 
3. whether students' journal writing could be used to 
identify the van Hiele levels of thinking within 
the context of a classroom setting. 
4. the five phases (Information, Guided Orientation, 
Explicitation, Free Orientation, and Integration 
from Fuys, et al. (1988), that Pierre van Hiele 
believes are necessary for children to progress 
from one level of thought to another. 
Junior high - 
Definition of Terms 
grades seven and eight as established by the 
School Committee of the town 
Preservice teachers - those studying for a degree in 
education 
Inservice teachers - those teachers certified by their 
Geometry - 
respective state and currently employed in 
the capacity of teaching 
the study of space and figures in that space 
(Structure and Method. Book 1. Houahton- 
Mifflin Publishers) 
Manipulative materials - materials that are representative 
of a particular concept and can be held and 
used by the student 
NCTM - National Council of Teachers of Mathematics 
ATMIM - Association of Teachers of Mathematics in 
Massachusetts 
The Project - Fuys, D., Geddas, D. and Tischler, R. , 
Brooklyn College Study, 1988 
The Standards - Curriculum and Evaluation Standards For 
School Mathematics. Reston, Virginia: NCTM. 
Basic Assumptions 
It was assumed that the students have had varying 
levels of prior experience with geometry and that what they 
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have experienced has been primarily in the form of 
memorization and definitions. It was also assumed that the 
students would exhibit differences in the entry levels of 
geometric thinking across the three different ability level 
groups. It was probable that students in the higher 
academic levels would exhibit higher van Hiele levels of 
geometric understanding. 
"Geometry should be considered a basic theme in math 
curriculum to be taught and learned by all students" ('Moving 
Geometry from the Back of the Book. 1987, 35). If the 
results are not what they should be in geometry classes, 
then we need to investigate new avenues of approach. The 
problems faced by geometry students will not automatically 
vanish. 
Finally, it was presumed that it would be possible to 
derive the information on levels of thinking from the 
journal writing of students. Likewise, it was assumed that 
if the format of the study at Brooklyn College, The Project, 
was followed, it would be realistic to believe that a 
clssroom teacher would be able to identify these levels of 
thinking. 
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Significance of Study 
According to Thiessen, Wild, Paige and Baum, there are 
research studies which "indicate that to optimize learning, 
practice must be preceded by instruction that builds 
meanings or understandings" (1989, 91). This is the 
underlying theory of the van Hiele model. The van Hieles 
believed that we must continually assist our students in 
making the connections between geometric concepts and the 
students' world. This cannot be left to chance. 
The most in-depth studies of the van Hiele model have 
been done in the United States by Fuys et al. (1988), Burger 
and Shaughnessy (1985), and Usiskin (1982). The Study at 
Brooklyn College, The Project, begun in 1980, examined the 
van Hiele model from three perspectives. After translating 
the works of Dina and Pierre van Hiele from Dutch to 
English, researchers used a clinical setting to see if the 
previous levels of geometric knowing could be identified in 
selected sixth and ninth grade students. Researchers 
examined the feasibilty of training classroom teachers to 
identify these levels with children in their classrooms. 
Finally, they analyzed three selected textbooks that were 
currently in use in American schools for evidence of van 
Hiele levels of thinking. 
Meanwhile, dissertations by Mayberry (1981), Bobango 
(1987), Denis (1987) and Volmink (1988) have investigated 
various aspects of the van Hiele model. Mayberry found, 
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through an analysis using Gutman's Scalogram, that the 
levels represented in the van Hiele model were hierarchical. 
For the preservice teachers studied, 52% were below Level 2 
of this hierarchy of geometric thinking. 
Bobango found a correlation between students' van Hiele 
levels and their achievement in standard geometry content 
after using a "phase-based instruction." Denis also 
confirmed the hierarchy of the van Hiele levels but noted 
that more than 74% of the 156 high school students were not 
capable of dealing with the demands of a high school 
Euclidean geometry course. 
The work of Volmink, although not referring to the van 
Hiele model, found that students do construct their own 
explanations in guite diverse ways. It showed also that 
what is being taught in geometry classes is in conflict with 
students' own needs to take control of their learning. "The 
goal of teaching geometry certainly should not be to teach 
students how to write proofs but rather to help them explore 
beauty and meaning of the subject" (1988, 80). 
Changes within the school framework often occur because 
external forces, such as school committees, governors, 
legislators, and boards of regents exert pressure for 
change. "School districts should take responsibility for 
the expansion and improvement of geometry teaching by 
implementing professional development programs in geometry 
concepts and teaching methods" (Moving Geometry from the 
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Back of the Book. 1987, 35). Yet how frequently do we, as 
teachers, sieze the opportunity to attempt change via 
research within our own classrooms? This opportunity is 
consistent with the recommendations from Wirszup (1983/84), 
who suggested that we should institute a program for 
development of literature on teaching methodology, content 
and methods, and on the theory, design and application of 
aids, principally visual, used in the geometry classroom. 
This study is an attempt to partially fulfill some of these 
recommendations. 
CHAPTER 2 
REVIEW OF THE LITERATURE 
I had a geometry teacher who rarely 
explained any concepts. He would talk 
in what seemed to be a foreign language 
and expect that we understood what he 
was talking about. He knew his subject 
well but was not able to relate it to 
his students, nor could he understand 
why we were having problems. The 
subject was totally abstract. It was 
pencil and paper activity. Also, I 
never knew the reason why geometry was 
important until much later in life when 
I have watched family members finish 
rooms in houses. I have often wished 
that I had the knowledge to figure out 
the angles to cut a piece of molding to 
finish a room or a door frame. I always 
had a desire to understand geometry but 
it was never explained so that I could. 
(Unnamed graduate student, 1989) 
There is evidence that geometry continues to be a 
neglected topic during a student's pre-secondary years, 
grades K-8, and a source of anxiety and dislike for high 
school students. If taught at all during those earlier 
years, it makes sporadic appearances and, as William Burger 
noted in a speech at an NCTM Convention in 1986, "Clean 
pages usually mean a geometry unit." 
Inservice teachers in a mathematics' methods class 
identified geometry as, "A filler before a holiday," or "If 
I get a chance," or in the worst scenario, "I never do it." 
However, because of that attitude, we are shortchanging our 
students while depriving them of the opportunity to study 
something exciting and relevant to the world around them and 
11 
to have an awakening for the other side of their learning 
capabilities, the spatial awareness of their right brain. 
As edited by Post, Hoffer acknowledged: 
Teachers in other countries favor 
starting geometric work with 3-D 
objects...because of the belief that too 
much work with only plane figures can 
'deaden' one's spatial perception. 
(1988, 243) 
Also: 
For those students who tend to think 
globally, the geometric experiences 
provide enjoyable activities in which 
they can excel. Also, for those 
students who do not, a priori, have 
fully developed visual imagery and 
imagination, the geometric experiences 
provide opportunities to develop those 
mental facilities. In short, geometric 
and visual experiences are good for 
everybody. 
(1988, 259) 
Wren and Moncreiff recommended that geometric 
construction be a guiding principle for the selection of 
material to be taught. Their reasoning was that "...after 
years spent in arithmetic of elementary and intermediate 
grades, pupils welcome the change" (1934, 728). Yet, we 
still spend years teaching arithmetic and don't seem any 
closer to fully integrating geometry into the curriculum. 
When we fail to introduce students to the subject of 
geometry in their presecondary years they are left to fend 
for themselves in the world of rules and definitions. As 
Hoffer (1981) noted, there are some geometry courses that 
encourage memorization without understanding. The analogy 
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presented by a graduate student in my class confirmed this 
belief. She likened her geometry class to the experience of 
attending Mass in a Catholic church in Quebec City. 
Although she knew French, she found it impossible to keep up 
with the rapidity with which the priest delivered the 
service. "This was the same feeling I had toward geometry 
class. It was like a bluff. I followed along, fulfilled 
the expectations and requirements, and left at the end of 
the year knowing he had said something about mathematics and 
shapes and formulas, but other than that, I didn't have a 
clue." 
The dissertation completed by Denis (1987) added belief 
to this impression. She found that more than 74% of high 
school geometry students surveyed in Puerto Rico were not 
capable of dealing with the demands of a high school 
Euclidean geometry course. 
The Public School Improvement Act, otherwise known as 
Chapter 188, passed by the legislature of the Commonwealth 
of Massachusetts in 1985 was designed to ensure that there 
would be educational excellence and equity for all public 
school students in the Commonwealth. This led to the 
Massachusetts Educational Assessment Program from which the 
first reports of testing confirmed what the National 
Assessment tests had reported, that Massachusetts students 
knew little about geometry. Only 18% of seventh graders 
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knew that a figure with four equal lengths must also have a 
right angle to be called a square. 
The ensuing report, Moving Geometry from the Back of 
the Book (1987), reminded us that geometric ideas pervade 
the mathematics curriculum although this topic does not 
receive priority in the elementary school curriculum. In 
fact, when I was first teaching at the junior high level, a 
high school math coordinator stated at an articulation 
meeting that geometry in the elementary and junior high 
grades should be discontinued since it helps the students 
learn to hate the subject early. It is also understandable 
that if children are presented with only repetitive pencil 
and paper activities for any topic the subject may lose its 
appeal quite rapidly. 
The math curriculum committee believed 
that, despite its fundamental importance 
to mathematical thinking, geometry is a 
topic largely ignored in elementary and 
middle schools. Furthermore, even when 
the subject is recognized as a formal 
part of the curriculum in the secondary 
school, the excessive formalism that 
often surrounds it often obscures its 
importance in understanding and dealing 
with the world around us. 
(Moving Geometry from the Back 
of the Book. 1987, 1) 
Cox noted in a 1985 editorial that a single course of 
study for geometry at the tenth grade is not enough. He 
believed informal geometry must be presented at every level. 
This is consistent with the information on geometry in the 
middle.grades contained in Curriculum and Evaluation 
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Standards for School Mathematics, hereafter called The 
Standards, published in 1989 by NCTM. The Standards 
advocated "experience with geometry at the 5-8 level should 
sensitize students to looking at the world around them in a 
more meaningful way" (1989, 115). Students must have the 
opportunity to study geometric shapes, the patterns that can 
be made by combining them and the relationship of objects to 
one another in order to be able to use that information 
outside of the classroom. "In terms of classroom 
performance, the students who fail to see the connections 
between the deductive and empirical geometric worlds wind up 
unable to solve a large class of problems they could 
otherwise solve with ease" (Schoenfeld, 1986, 260). 
Many students complain that there is an enormous amount 
of vocabulary to be learned when studying geometry. An 
inordinate amount of memorization will be required if we 
rely only on the book, pencil and paper activities. This 
does not have to happen. "This apparent reliance on rote 
memorization could explain the resulting dislike of geometry 
and poor performance of students" (McDonald, 1983, 2). 
Again, according to The Standards, rather than simply 
memorizing material the "definitions should evolve from 
experience in constructing, visualizing, drawing and 
measuring three-dimensional figures and contrasting and 
classifying figures according to their properties" (1989, 
115) . 
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As the child has the natural tendency to 
grow, he wants to try things out, to 
discover... it is wrong for teachers to 
present subject matter as a completely 
finished entity... devoid of the 
attractiveness of finding things out for 
oneself. 
(D. van Hiele, 1958/1984, 48) 
The van Hiele model is based upon these experiences. 
The Massachusetts Assessment Report, Moving Geometry from 
the Back of the Book. acknowledged that such a developmental 
framework can be found in the work of the van Hieles. 
"Unlike most developmental schemas, the van Hieles believed 
that advancement depended more upon content and 
instructional methods than age" (1987, 3). There is a need 
to examine such instructional methods as was noted by Suydam 
(1985, 26) when reporting on the findings of the Third 
National Assessment which found there is evidence that 
instruction in geometry is weak. 
According to the van Hiele model, 
geometric ideas and understanding are 
built slowly through experience and 
instruction. The roots of abstract 
reasoning and education that define 
geometry as a mathematical system lie in 
an understanding of the properties of 
spatial figures and the relationship 
among those properties. 
(Moving Geometry from the 
Back of the Book. 1987, 7) 
The main objective of Dina van Hiele's study was to 
"investigate the improvement of learning performance by a 
change in the learning method" (1957/1984, 8). In her final 
paper, written just prior to her death, she recounted that 
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"the essence of didactics is the encounter of three 
elements, the pupil, the teacher and the subject matter. 
Methodology brings about this encounter, principally by 
ordering the subject matter" (1958/1984, 217). The closer 
the intersection of these three elements the more likely it 
will be that the student will be successful in the learning 
experience. Thus, in the study of geometry, it is essential 
that the teacher listen to the language of the student. 
Many misconceptions can be noted by listening. The 
appropriate geometric vocabulary can then evolve within the 
student rather than be imprinted by the teacher. As the 
subject of geometry unfolded before her students, van Hiele 
continually attempted to synthesize material and assist 
students in making those all important connections that keep 
any subject matter from being isolated instances rather than 
integration of experiences. 
Mayberry's dissertation (1981), noted that 52% of her 
91 respondents were not on a level to study formal geometry. 
This is a frightening revelation since these same people 
were headed for the classrooms to continue this pattern of 
geometric thinking, or worse, non-thinking. All of these 
responses were from students who had a course in formal 
geometry, yet did not have the ability to recognize the 
basic relationship of a square to the set of rectangles. 
She found that naming figures was a more difficult task than 
simply picking out a particular figure from a group. 
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The recommendations that evolved from the study 
conducted by Shaughnessy and Burger stated that at the 
elementary and junior high levels "we must allow students to 
explore geometric concepts and shapes informally for many 
years prior to a high school course in geometry if they are 
to develop spatial and visual abilities" (1985, 426). This 
is consistent with the presentation of material by Dina van 
Hiele. Not only did she present the concepts informally, 
but the relationship between concepts was cemented, as 
demonstrated in the final activity in the Study at Brooklyn 
College by Fuys et al. (1988), referred to as Family Trees. 
The Family Tree activities were designed so the students 
could summarize previous learning, the Integration Phase. 
The interrelationship between the shapes that had been 
studied were explored and the student was left with an 
understanding of how shapes are ordered and fit into the 
context of a larger scheme. This level of thinking was not 
apparent in the students' responses in Mayberry's study. 
Volmink's dissertation (1988) found students used 
diverse ways to construct their explanatory models. The 
study confirmed what has been noted by others. There is a 
conflict between the teaching that goes on within our 
schools and the students' own quest for taking 
responsibility for their learning. Students need to be 
given the opportunity to explore and to explain the new 
ideas in their own terms in order to acquire knowledge 
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rather than continually be given definitions and 
explanations. 
We deceive ourselves when we equate 
telling with teaching. To be told is to 
be released from obligation. To be told 
is to become other-dependent, rather 
than self-dependent. To be told is to 
be denied the growth of producing 
experience of reaching out to capture 
another truth. 
(Smith, 1967, 84) 
If we are going to change from conducting our classes 
as a teach, test, forget situation we must use an 
alternative approach that will allow students to have the 
opportunity for exploration and formation of their own 
connections. Dina van Hiele (1957/1984) strongly promoted 
the idea that whatever abstract conceptual structure we 
planned to teach, we have available sufficient visual 
geometric structures that relate to the same concept. This 
is where we frequently are remiss in our teaching for we 
rely on two-dimensional diagrams in the book to relay the 
concept being taught. "Pictures give students an immediate, 
intuitive grasp of geometric ideas. However, pictures need 
to be varied so students aren't led to form incorrect 
concepts" (Suydam, 1985, 26). As an example, a right 
triangle might always be shown with the right angle at the 
right side of a lower horizontal base. When changed in 
orientation I have had students call the new angle a left 
angle. A study by Fisher in 1977 found students 
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consistently emphasized the need for upright orientation. 
This will be the result if we do not provide experiences 
using various orientations. 
One of the first activities Dina van Hiele did with her 
students involved examining a cube. That is exactly what 
was examined, a cube, not a picture of a cube. This 
activity was also the basis for one of the individual 
performance tests given by performance testers from the 
Massachusetts Department of Education, including this 
investigator, to randomly selected fourth and eighth grade 
students in the Commonwealth of Massachusetts in the spring 
of 1989. Using the cube as a basic building device the 
students were asked to use sixteen cubes to construct 
rectangular solids. When confronted with a 4 by 4 by 1, a 4 
by 1 by 4, or a 1 by 4 by 4 rectangular solid many of the 
students rejected the model stating it represented a square 
and could therefore not possibly be a rectangular solid. 
We need to encourage our students to look at the world 
around them and to help them relate it to the study of 
geometry. Eggard stated it well when he wrote: 
These (2-3D) relationships can be 
discovered all around us. Observe the 
many different shapes in your 
environment. This is geometry. Listen 
to the description of the path of the 
latest rocket. This is geometry. 
Compare the photograph taken with a 
Polaroid camera to the object it 
pictures. This is geometry. Notice the 
symmetry in some modern works of 
sculpture. This is geometry. All of 
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these involve spatial relationships from 
their earliest days. Introducing them 
to the idea of geometry as being 
concerned with shape and size in the 
material world will help them to realize 
and appreciate that math is something 
that plays an important role in the 
world in which we live. 
(1969, 440) 
This is what our geometry programs should envision. 
This is where we should expend our mental and material 
resources. This is what Dina van Hiele expected from her 
students, and from our students we should expect no less. 
She also did not expect this evolving process to happen 
instantaneously. She wrote, "The results of teaching are 
not immediately measurable. Measuring the results of 
education is less important than education itself" 
(1957/1984, 50). 
In order to be successful in the study of geometry a 
child must progress much as a child passing from the stages 
of crawling to toddling to walking. The van Hiele model 
determined there were five levels, labeled 0-4, through 
which a child must progress, a "fixed sequence" (Usiskin, 
1982, 4), to be successful in his/her study of geometry. 
Those students who are instructed at a higher level 
than their functioning level will, as previously noted, not 
find success. The Project (Fuys et al. 1988, 50), supported 
the hierarchical nature of the van Hiele model that "has 
been evidenced for K-12 students (Shaughnessy and Burger, 
1985), high school students (Denis, 1987; Usiskin, 1982) and 
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pre-service teachers (Mayberry, 1983)." Usiskin's study 
also confirmed, after noting some weaknesses, that 
"correlations between van Hiele level and concurrent 
knowledge of geometry are uniformly high" (1982, 44) and 
that there exists "a strong relationship between performance 
on geometry tests and van Hiele level" (1982, 46). 
According to Dina van Hiele and her husband Pierre, the 
learner passes through five levels of thought when taught 
via appropriate instructional experiences. According to 
Schoenfeld (1986) this provides the basis of a psychological 
and pedagogical theory of thought levels in geometry. These 
levels were verified in The Project. 
Level 0: The student identifies, names, compares and 
operates on geometric figures. 
Level 1: The student analyzes figures in terms of 
their components and relationships among 
components and discovers properties and rules 
of a class of shapes empirically (by folding, 
measuring, using a grid or diagram). 
Level 2: The student logically interrelates previously 
discovered properties/rules by giving or 
following informal arguments. 
Level 3: The student proves theorems deductively and 
establishes interrelationships among networks 
of theorems. 
Level 4: The student establishes theorems in different 
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postulational systems and analyzes/compares 
these systems. 
(Fuys et al., 1988, 7) 
Though the formal deduction Level, 3, is where much of 
the high 'school geometry is taught, it is understandable 
that students will have difficulty if their operational 
level is at Level 0 or 1. What Usiskin found disturbing in 
his study was that "we may conclude that about half of all 
geometry students leave senior high school geometry with 
only a junior high school conception of the subject" (1982, 
40) . 
Though the classes in the study were not monitored 
during the instructional phases of geometry, Usiskin did 
acknowledge that the instruction might have been most 
appropriate for the students but that there was the 
possibility "that the student has behaved inappropriately in 
a course quite suitable for him or her" (1982, 62). This 
point should not be overlooked. 
The Project noted five phases that Pierre van Hiele 
believes children must cycle through for transition from one 
level of knowing to another. This provides for recycling 
through the five phases at each level to ensure that the 
student will be able to make a successful transition. 
1. Informational — getting acquainted phase 
The student has the opportunity to examine and 
sort examples and non-examples of the topic. 
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2. Guided Orientation — exploratory phase 
The student is led through an exploratory 
experience which adds to his or her network of 
knowledge. 
3. Explicitation — language phase 
The student expresses thoughts and concepts being 
studied, including technical vocabulary. 
4. Free Orientation — multi-concept phase 
The student begins to explore more complex 
situations related to the topic. 
5. Integration — reflective phase 
The student is given the opportunity to summarize 
learning and make connections within that learning 
framework 
(Fuys et al., 1988, 7). 
It was found that students in The Project "did not 
respond consistently at one level on a task" (Fuys et al., 
1988, 82) and at some points were unable to give a response. 
Students were evaluated according to the type of response 
they gave, S for spontaneous, P for prompt, and G for 
guidance given. The responses of the students in the three 
groups studied were analyzed and rank ordered according to 
grade equivalency scores in math and reading and their 
responses to the three Modules used in the test. 
Also explicit were the findings of Usiskin which stated 
"that it is easy to classify a student into a level, as a 
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plus for the van Hiele theory; that the student may have 
different levels dependent only upon the choice of criterion 
for reaching them is a minus" (1982, 31). Thus, the number 
of test items, on the pretest given at the beginning of the 
experiment and again at the end, can have a definitive 
influence upon the outcome of the level testing. Usiskin 
continued with the explanation of forced levels that would 
produce a fit for every student if there were enough test 
items. It was noted that forced van Hiele levels were not 
used for any analysis in the Chicago study. 
While a clinical setting provides the opportunity to 
record exact responses, there is an opportunity for students 
within a classroom to simultaneously record their thoughts 
through the use of journal entries. As Pimm explained, 
"written language is visible, and to a certain extent both 
permanent and repeatedly accessible." Likewise, it "affords 
direct communication from all members of the class at once. 
It provides certain access to how pupils think" (1987, 
iii). Since teachers are cognizant of the fact that 
students bring with them individual experiences and 
abilities, so too do these students take from a class 
varying levels of abilities and understandings. Journal 
writing provided an insight into their thoughts and 
learnings and provided the investigator with data from each 
student throughout the investigation. 
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Since developmental assessments are done to determine 
whether and to what extent development has taken place, they 
involve "documenting the work a child has done over a given 
period of time" (Elkind, 1989, 117). Again, journal writing 
was used to encompass this requirement. 
By putting thoughts on paper, the thinking process 
takes on a new dimension. "Writing also externalized 
thinking even more than speech by demanding a more accurate 
expression of ideas" (Pimm, 1989, 135). Much like the 
person going into a deli and stating, "Give me five" are the 
unclarified statements our students often give us. There is 
sometimes doubt in the mind of the teacher as well as the 
child when information is being exchanged. Clarification of 
points in question need to be resolved. Thus, students were 
expected to clarify their thoughts and strive for lack of 
ambiguity. It gave the teacher the opportunity to analyze 
all students' responses and not rely solely on verbal 
responses. As concepts were grasped the vocabulary was then 
integrated to fit the needs of the child. This is 
consistent with The Standards which noted, "Definitions 
should evolve from experiences in constructing, visualizing, 
and drawing...and contrasting and classifying figures 
according to their properties" (1989, 113). 
Since the van Hiele model provides for much group 
discussion and cooperative learning, working together for a 
common goal, some of the entries were the consensus of the 
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pair or group of students working on a task. "The purpose 
of teaching math, as they (van Hieles) see it, is to develop 
insight in their students" (Schoenfeld, 1986, 250). This 
insight develops over time and through many types of 
experiences. 
Discussion should be recognized as a 
primary vehicle for the development of 
geometry thinking. Engage in 
cooperative experiences which lead to 
different conjectures by different 
students and resolution of conflicts by 
arguments and evaluation. 
(Moving Geometry from the Back 
of the Book. 1987, 35) 
When describing the method used in her classroom for 
constructing a cube, Dina van Hiele explained that often 
mistakes were made by students in their endeavors that need 
not even be noticed by the teacher (1957/1984). Yet, at the 
same time she encouraged collective questions as the 
students worked in groups. 
Smith concurred with the premise that children need 
this time to work together. 
When we experience together with 
children we find ourselves in tune with 
how they perceive things. When we 
become sufficiently acceptant of their 
ideas and restrict our impulse to value 
only those responses we have in mind, 
then we will free children to express, 
to explore, to respond, to err, to set 
aright and to achieve. Then they will 
be free to gain new footholds in their 
mastery of geometry. 
(Smith, 1967, 89) 
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Theoretically, this would be an ideal situation. The 
fact is that college students are still coining into methods 
classes with tales of geometric experiences that have left 
them with a fear and hatred of the subject and very little, 
if any, confidence in their ability to deal with geometry in 
any form. Seventh graders are still reporting that the 
thing they most dislike about math is geometry. This again 
points to the belief that we must change the methods for 
teaching geometry and we need to examine closely how those 
changes might occur. 
Linn found that journal writing with high school 
students supported the research studies that foster the idea 
that "writing can enhance a student's metacognitive ability" 
(1987, 3). She noted that writing served as a "diagnostic 
tool for the instructor and opened lines of communication 
between teacher and student and personalized the learning 
environment." Her recommendation was that although journal 
writing could be used across all disciplines it would be 
especially beneficial if implemented throughout mathematics. 
Wilde believed "Mathematics is probably the area of 
knowledge about which students write the least" (1991, 38). 
For her the benefit of student writing gave teachers another 
valuative tool as well as a chance to examine students' 
attitudes about mathematics. Keeping detailed accounts of 
the procedures children use to go about the study of 
geometry should be a requisite. 
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As was noted in an editorial by Elkind, this type of 
research (qualitative) has been frequently ignored by 
journals due to the length of the manuscripts. Yet, 
"detailed descriptions are the very essence of qualitative 
research" (1989, 179). Thus, while the analysis of 
individual responses within journals was much more time 
consuming than feeding collected data into ready made 
programs which feed back numerical information, it was 
important to realize that qualitative research reaches the 
thinking of the individual. 
Since this study was based upon Dina van Hiele's 
didactic experiment, essentially to look at the way children 
go about studying geometry, it was appropriate to use 
qualitative methodology. Student thought cannot be 
compartmentalized but it can be analyzed for thought 
processes, conceptualization and misconceptions. As noted 
by Philip Sadler during a speech at Lesley College, (Middle 
School Math and Science Conference, 1989) student 
misconceptions often go unnoticed until a teacher asks the 
type of probing question that differentiates the extent of 
learning a child has. Unfortunately, it is often the child 
who is most verbal who is selected as most capable when, in 
fact, that child is simply the one who returns exactly what 
had been presented originally. 
It wasn't until I had the experience to work with 
eighth graders during the Commonwealth Performance Testing 
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that I truly appreciated how important it is to continue 
with questioning, even when it seems apparent the student 
has an understanding of what you are asking. What would 
seem like a straightforward question, and one that verbally 
could be answered, became more complicated when the student 
and his partner were asked to explain why. This constant 
probing yielded some astonishing results. When asked to 
measure the area of a particular region on a map, the 
students took no time at all to respond. However, when 
asked to explain why they had reached a conclusion so 
quickly with only visual analysis it was apparent they were 
using the wrong boundaries for their regions. On a pencil 
and paper test this would have been marked correct, even 
though the reasoning was incorrect. The student would have 
believed he was correct and the teacher would have assumed 
he completed the task correctly and probably would not have 
questioned him. 
It is essential that, in order to better understand the 
way a child thinks about geometry and reacts to the 
geometrical world around him, we continue to examine the 
thinking processes of the students we work so closely with 
and determine how the use of journal entries and class 
discussions help teachers examine the progress of students 
as they pass through the van Hiele levels of knowing. 
CHAPTER 3 
DESIGN OF THE STUDY 
Hypotheses 
It will be possible to replicate the methodology of the 
Brooklyn College Study for the van Hiele levels of geometric 
knowing in a classroom setting. From the students' journal 
entries there will be documentation that students can move 
from one van Hiele level to another while involved in the 
five phases of learning geometry. 
Students in the classroom setting will exhibit the same 
range of responses that were found within the clinical 
setting. 
Comparison of the Brooklyn College Study and the 
Massachusetts Classroom Study 
This study focused on a partial replication of a four 
part, three year study done at Brooklyn College by Fuys, 
Geddas and Tischler (1988), hereafter referred to as The 
Project. The Project was responsible for development of the 
working model which was used in this study. While The 
Project was conducted using sixth and ninth graders in a 
clinical environment, this study was conducted by the 
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investigator in three seventh grade classrooms. A total of 
78 students participated. 
Instead of determining if teachers could be taught to 
identify the levels of van Hiele thinking in their students, 
this study was designed to determine if a classroom teacher 
could follow the steps outlined by The Project and be able 
to identify the van Hiele levels of thinking which her 
students displayed. These students, known in this study as 
subjects, kept their own records which were studied and 
interpreted by the investigator. A second reader validated 
the findings. In the clinical setting the tester had been 
responsible for the record keeping. 
Although The Project also examined textbooks to analyze 
specific geometric curriculum topics, this phase was not 
included. This study was conducted by an individual 
researcher and had to remain within the framework of 
manageable and realistic goals. 
After consulting with Dorothy Geddas at Brooklyn 
College in September, 1990, it was determined that the 
Comprehensive Test of Basic Skills (CTBS) would be 
appropriate to use in place of the Metropolitan Test since 
its purpose was to initially identify current reading and 
math levels for each subject. The CTBS testing was done in 
October, 1990 and the results were available in November of 
that year. "The Project's modules were designed primarily 
for students with average or above average achievement" 
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(Fuys et al., 1988, 79). There was a possibility that 
students participating in this study would not have attained 
grade level achievement and the test results verified this 
belief. The Project conducted its research in a clinical 
setting of six to eight 45 minute sessions. The students in 
the current study met 40 minutes a day on a six-cycle 
rotating schedule. Thus, 15 class meetings were designated 
for each class. Some of the additional time was necessary 
for distribution and collection of material. However, it is 
probable that working in a group situation required more 
time on task for the students for each portion of the 
Modules. 
An overhead projector was used for many of the Module 
levels when information had to be presented to the students 
simultaneously. A lesson was also video taped. 
Subjects 
Sixteen sixth and ninth grade students were initially 
used by The Project, while three seventh grade homogeneously 
grouped classes were designated for this study. The 
grouping of students in the researcher's junior high school 
was based on a four-level criteria system which consisted of 
results from the Comprehensive Test of Basic Skills 
administered earlier in the year, grades in the subject from 
the previous year, teacher recommendations, and I.Q. Thus, 
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the groups were already assigned and were representative of 
three ability levels of students in this school. 
The subjects in this study consisted of 34 pre-algebra 
students, 24 standard seventh grade students and 20 students 
working below grade level. While the 16 subjects in the 
original Project were composed of 75% minority students from 
a major metropolitan area, the subjects in this study were 
from a small, suburban, predominately white community. 
Procedure 
Prior to designing the study two very important 
elements had to be addressed. First, in order to use the 
students in the researcher's classroom, it was necessary to 
obtain permission from the school committee via the 
Superintendent of Schools. Without this permission there 
would have been no study. After initially requesting 
permission from the Superintendent of Schools, the 
researcher attended an official meeting of the School 
Committee and was granted permission to carry out the study. 
Copies of the letters can be found in Appendix B. 
Secondly, it was imperative that Dorothy Geddas, 
project director of the Brooklyn College Project, grant 
permission to replicate the study she and her colleagues 
completed. Through their study, geometry thinking levels 
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presented by the van Hieles were validated and materials 
were produced which exemplified each of the first three 
learning levels. Permission was granted by Professor Geddas 
to use this material, and that letter is included in 
Appendix B. 
The next step required sending a letter to the parents 
of each student requesting that the student be allowed to 
participate in the study, and allow release of the 
individual student's mathematics and reading scores from the 
CTBS test. The letter also stated that the study would be 
looking at individuals in the sense that they contribute to 
trends of thinking and students would thus not be singled 
out and identified. Any names used were fictitious. 
Finally, it was noted that videotaping was used during 
the study. This tape showed an example of the procedures 
used in the study. 
Originally the entire study was to be taped by a member 
of the guidance staff. However, due to lay-offs after the 
school year had begun, this position was eliminated and the 
taping was done only one day by the son of the researcher. 
A six-day rotating schedule is used in the junior high 
school. Each day is identified by color; Red, White, Blue, 
Green, Yellow and Orange. It was possible to schedule each 
class three times in the cycle over a five week period. The 
standard class met White, Blue and Green days to receive the 
experimental treatment. The pre-algebra class received the 
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experimental treatment on Green, Yellow and Orange days. 
Finally, the class operating below grade level received the 
experimental treatment on Red, White and Blue days. An 
example of one of the six-day cycles is noted in Table 1. 
P 
E 
R 
I 
0 
D 
S 
Red 
1 
2 
3 
4 
5 
6 
7* 
Table 1 
Six-Day Cycle 
White 
2 
3 
4 
5 
6 
7* 
1# 
Blue 
3 
4 
5 
6 
7* 
1# 
2 
Green 
4 
5 
6 
7 
1# 
2 
3! 
Yellow Orange 
5 
6 
7 
1 
2 
3 ! 
4 
6 
7 
1 
2 
3! 
4 
5 
Level 1 = # Level 0 = ! Level 3 = * 
This schedule was selected to maximize room usage. 
Since other classes used the room twice a day it was 
necessary to select the time periods that would accommodate 
this schedule. There was a maximum of two classes on any 
one day so that journal collection and analysis would not be 
an overwhelming daily task. 
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The study of geometric thinking levels of seventh 
graders was a qualitative study of direct observation of the 
dynamics within the geometry classroom with the opportunity 
to examine the responses the subjects recorded in their 
journals. "What some people say is a major source of 
qualitative data, whether what they say is obtained verbally 
through an interview or in written form through document 
analysis or survey response" (Patton, 1980, 30). Just as 
The Project was seeking to "shed some light on the students' 
level of thinking, cognitive processes and learning 
difficulties" (Fuys et al., 1988, 12) in a clinical setting, 
this study examined the same criteria in the context of a 
classroom setting. 
Each subject in the classes being studied was provided 
with a folder that was to be used for journal entries and 
the collection of materials used. Samples of student pages 
are included in Appendix F. In some instances these entries 
were an informational session, such as the first activity 
which asked subjects to identify either likenesses or 
differences between six pairs of figures. The individual 
subjects were provided with cards of geometric shapes. The 
subjects were also able to view each exercise on the 
overhead projector as directions were given to the class. 
The first activity also served as an introduction for 
the subjects to the format of this study, and provided the 
researcher with an assessment of the entry level for each 
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subject. For Dina van Hiele, the "first geometry lesson at 
the secondary school is information for me. Man is able to 
perceive structure in almost any material however unordered 
it may be, (it)...can be perceived in the same way by 
different people" (1957/1984, 218). Therefore, "The 
evaluation design specifies the unit or units of analysis to 
be studied...This means that the primary focus of data 
collection will be on what is happening to individuals in 
the program and how individuals are affected by the program. 
Individual variation would be the primary evaluation issue" 
(Patton, 1980, 99). 
Dina van Hiele was especially interested in the 
dynamics of student learning and her dissertation is filled 
with specific details of her classroom. She believed, as 
does this researcher, that children need to be actively 
involved in their learning. Throughout this experiment the 
students had materials of their own to use for comparisons 
and other investigations. Commercial materials available to 
students included geoboards, dome sticks, and pattern 
blocks. In addition, teacher-made materials included 
property cards, classification cards, kites, pattern tiles 
and tangrams. 
Each of the 15 lessons included time for the individual 
student to record initial responses to guestions and to 
explain relationships between the various shapes. This 
initial response was identified by the letter (M), for "my 
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response." In the classroom, as well as in the clinical 
setting, "...after an initial assessment, extensive 
instruction was provided as needed, with questioning during 
instruction, at summary points, and at the end of each 
module..." (D. van Hiele, 1957/1984, 13). If a subject was 
unable to initially respond he/she was instructed to leave 
the first section of an activity blank. 
Since some subjects were unable to initially respond 
there was a prompting session, whereby general questions 
were presented. Guidance questions, which are specific, 
followed. Subjects recorded these answers after the "G" on 
their journal page. On any day they were also encouraged to 
add any questions they would still like answered or that 
they did not have the opportunity to ask. 
Finally, the class had time to share responses at the 
end of each Module step to clarify and enhance their own 
learning. Dina van Hiele noted in her experiment that, "the 
pupils are asked many questions collectively in the class 
discussion. Discussion of the properties is not exhaustive. 
Ample opportunity remains for the pupils to ask themselves 
questions" (1957/1984, 26). 
The didactic experiment builds from the concept to the 
vocabulary rather than beginning with definitions. For that 
reason the focus of the methodology was on what was being 
done rather than defining it, as Dina van Hiele so aptly 
stated, "When mathematical language is used too early and 
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when the teacher does not use everyday speech as a point of 
reference, mathematical language is learned without 
concomitant mathematical insight" (1957/1984, 47). 
The scripts developed for The Project were used as a 
guide for this study but flexibility was instituted since 
the researchers encouraged "varying instructions depending 
upon the students' responses" (Fuys et al., 1988, 12). 
Geddas, in a phone conversation (September, 1990), indicated 
that the monograph provided the necessary framework of 
information for this study. 
The outlines of the three modules are found in the 
Appendix. Within the context of each of the three modules 
can be found five phases of learning that "embody another 
aspect of the van Hiele theory, namely phases within levels" 
(Fuys et al., 1988, 13). Pierre van Hiele believed that in 
order for students to pass successfully from one level to 
another it would be necessary to cycle through these phases. 
In the September, 1990 phone conversation, Dorothy Geddas 
noted that no current research is being done on these 
phases. She indicated working within the framework of the 
phases throughout the modules would add a strong dimension 
to the study. 
In addition to the introductory game of likes and 
differences, the first day's treatment included finding 
shapes in pictures of city skylines. A packet of 45 
skylines had been gathered and numbered so that it was 
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possible to identify which picture a subject received. 
Sorting and property grouping was also included the first 
day. The shapes to be sorted included equilateral 
triangles, right triangles, trapezoids, parallelograms, 
rectangles and hexagons. The rationale for sorting was 
identified by each subject in his/her journal. 
Properties of geometric shapes and their relationships 
were explored on the second day. Property cards were 
available for each of the subjects to be used along with the 
shapes used the previous day. 
Subclass relationships and developing the idea of 
parallelism was the focus the third day. Subjects had the 
opportunity to explain subclass relationships between 
squares, rectangles and parallelograms. 
On the fourth day two sets of clues involving 
uncovering shapes were presented. By initiating clues one 
at a time, subjects were challenged to determine what the 
shape would be. Subjects recorded their responses under the 
spontaneous section if they knew the shape. However, 
additional questions were presented including the leading 
question, is this the only shape it could be? Could it be 
anything else? 
On the final day of the first module the minimum 
properties of shapes were examined. Shapes for this 
activity were presented on the overhead so that each student 
received the information simultaneously. "Since this 
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activity is done without property cards being in sight, it 
assesses whether it is natural for a student to think of 
inclusion in terms of properties" (Fuys et al., 1988, 28). 
The first lesson of the second module involved 
measuring a variety of angles using an angle marker, acetate 
overlays and 15 degree slices. Subjects had the 
opportunity, by the end of the session, to determine which 
of the materials they preferred to use to measure angles. 
On the second day oak tag tiling pieces were used by 
each subject to visualize how shapes repeat to form 
geometric patterns. Subjects recorded the method they used 
to determine the final pattern outcome. Tiles included 
hexagons, inch squares, parallelograms, right triangles and 
non-right triangles. 
Using the relationship of "saws and ladders," angle 
relationships were explored on the third day of this module. 
Acetate sheets representing alternate interior angles, 
"saws" and corresponding angles, "ladders," were presented 
via the overhead. The subjects received the same 
information on work cards that was presented on the 
overhead. They were also asked to identify via coloring 
angles those that were either corresponding or alternating 
angles. Their summation of the activity was recorded in 
their journals indicating whether or not they were able to 
identify congruence of angles in another situation. 
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On the fourth day of this sequence the subjects applied 
what they had learned in previous lessons to developing 
properties for grids. They examined the sum of angles in a 
triangle and in a quadrilateral. Various grids were used in 
this lesson so that the patterns were repeated in many 
forms. 
Again, arrow diagrams were used to determine the 
subjects' knowledge of the relationship of the concepts 
recently explored. Summation cards from previous lessons 
were used and subjects were asked to explain why 
relationships existed and what relationships were being 
used. In this session it was noted whether subjects gave 
the reason that they learned a concept first, or that they 
were aware that some relationships cannot be reversed. 
The final lesson of the second module provided time for 
the subjects to relate the idea of "saws and ladders" to the 
exterior angles of triangles. From earlier lessons it was 
noted whether or not the subjects were able to give 
spontaneous reasoning to this relationship. The Family Tree 
used in the previous lesson was reintroduced to determine if 
the subjects could fit the new angles into the previously 
formulated relationships. 
From the two previous modules the subjects finally had 
the opportunity to explore the concept of area. Tangrams 
and the assessment of area concepts were included in the 
first session of this final module. The subjects' visual 
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awareness was assessed as the researcher used the overhead 
to present each scenario. The subjects were each provided 
with tangram pieces as well. The shading of some of the 
pieces was shown on the overhead for clarification when 
comparison of area was explored. Pieces of the tangram 
puzzle continued to be available for use. 
The subjects also were provided with square inch tiles, 
a ruler and a square plastic grid that were used to 
determine which of two rectangular pieces required more 
paper to cover the surface. When a subject was able to 
determine areas of other shapes, he/she was free to do so. 
Otherwise, the materials provided were used to assist in 
this endeavor. 
The second day of the third module the subjects were 
involved in determining the areas of rectangles and right 
triangles. An L-square device was provided for the 
subjects' use as another material for assisting them in 
determining area. Throughout this activity subjects 
continually were asked to explain why they made the choices 
they did. 
On the third day parallelograms and other triangles 
were explored. Subjects were asked to find various methods 
to determine the area of any triangle. In this lesson the 
subjects were questioned as to whether their method would 
work for any triangle. Again, materials included grids, 
rulers, models of triangles and d-stix. Rule cards were 
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presented for the area of rectangles, parallelograms, and 
triangles and subjects were asked to fit them into the 
Family Tree. These responses were recorded in their 
journals. 
On the fourth day the area of trapezoids via the "Guess 
My Rule" game was investigated. The lesson was similar to 
the first day in which shapes were sorted according to an 
attribute. In this instance, it was also noted whether or 
not the subjects were able to identify the shapes from 
previous lessons. Developing the idea of the Midline Rule 
was to be included, although in The Project it was not 
reached by any of the sixth graders and only seven of the 
ninth graders. Cut out figures were to be placed in a web¬ 
like structure and subjects were to be given various shapes 
which would fit into this figure. From that the 
relationship of the midline to the altitude in expressing 
area could be identified. Due to the overrun of time on the 
other topics, this lesson was not presented. 
On the final day the subjects were asked to identify 
the relationships they had been developing by way of a final 
Family Tree, a summation activity. Interrelationships were 
recorded in the journals as a final assessment. They were 
allowed to use the classification cards that had been 
developed throughout the experiment. 
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Data Analysis 
"The data gathered by qualitative methods are 
voluminous" (Patton, 1980, 297). Since there were notebooks 
to be checked, it was necessary to begin sorting through the 
data as it was generated. Notebooks were collected from 
various individuals every day and a subject expected his/her 
journal to be collected at the end of every three day 
investigative period. That served both the purpose of 
allowing the investigator to begin gathering data as it was 
generated, and also gave the researcher additional insight 
into a subject's thinking process that might not have been 
noted while the subject was in class. 
The results of the mathematics and reading levels from 
the CTBS tests were recorded for each subject and they were 
rank ordered in each class by reading and then math scores. 
This followed the order in which the investigators of The 
Project at Brooklyn College reported their data. Every 
subject was assigned a random number and a fictitious name. 
Each entry from a subject's journal was analyzed for 
the level of knowing from the descriptors developed in the 
study at Brooklyn College. They are found in their entirety 
in Appendix D. At three intervals during this study a 
second teacher in the mathematics department of the junior 
high school examined 15 randomly selected journals 
stratified by class. From the 75 journal entries a 
percent of agreement between the researcher and the second 
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reader was calculated. The decoding began as soon as a 
section of the module was completed. A checklist for each 
subject was used to indicate how each subject progressed 
through each of the three modules. If the subject had 
completed the entire module, an "X" signified this 
completion. A "/" indicated the module was partially done. 
The complete descriptions for each level are included in 
Appendix A. 
The final analysis has included both the description 
and analysis of the thinking processes that seventh grade 
subjects used in their five week didactic experiment with 
geometry. This information has been presented in the chart 
form that was used with the original study (Fuys et al., 
1988). In order to be able to follow the thinking pattern 
that subjects used, it was keyed: 
s spontaneous response 
* weak response 
- unable to respond 
This information has come from the journal entries which 
will be in the form M (my response) separated from the next 
entry group, by a line. It was often possible to determine 
at what point a subject was able to answer a particular 
question and where in the process it was necessary to hear a 
prompt or guidance question in order to respond. Each of 
the response pages was dated. 
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Finally, journal entries were analyzed according to van 
Hiele levels and the results were compared to those found in 
The Project at Brooklyn College. The van Hiele levels of 
knowing were reaffirmed and the five van Hiele phases of 
thought were examined within each of the three modules. 
Responses have been taken directly from the subjects' 
journals. No attempt has been made to edit their work. 
CHAPTER 4 
THE CLASSROOM EXPERIENCE 
What seems to be the case is that junior 
high teachers neglect to cover many 
aspects of geometry thinking that their 
students will encounter in geometry 
later. They do not realize that almost 
half of their students will never enroll 
in a formal geometry course. 
(Usiskin, 1982, 69) 
The preliminary preparation for a classroom study had 
been completed. Permission had been granted by the school 
system to conduct the study and the school administration 
had been both supportive and encouraging. 
On the day the permission slips were sent to parents, 
the contents were read to each participating class. The 
students learned they would be referred to as subjects in a 
study designed to examine their geometric thinking. 
Although there were some sporadic moans when the term 
geometry was mentioned, generally the reaction was that of 
curiosity and a willingness to "give it a try." 
There were more questions from Class A, than from the 
other two classes combined. Tony wanted to know if anyone 
else would be watching what they did. (Some subjects, in 
each of the three classes, had attended the college campus 
school in the town and were used to being observed. This 
might have prompted the question.) They were informed that, 
if possible, someone would be videotaping at least one 
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class. There would also be the possibility of a visit by 
the principal. 
This class also questioned whether or not they would be 
able to do the work. Annie and Lucy expressed some fear of 
being able to do the work and added that geometry was what 
they had least liked about previous math classes. Others 
nodded in agreement. 
Desray wondered who would be reading what they wrote. 
They learned that, in addition to the researcher, a second 
reader would be reviewing some of the journals. When the 
study was completed, some college professors might also see 
their work. They were assured their true identities would 
not be revealed for they would be assigned random numbers 
which would appear on all of their work and each would also 
be identified by a fictitious name. They had the 
opportunity to choose this name and three of the students 
took advantage. Others were given names by the researcher. 
When the permission slips were returned only one parent 
requested additional information. A phone call gave the 
researcher the opportunity to clarify the problem being 
studied. The call closed with not only full support but the 
wish for a successful study. 
Subjects 
The 78 subjects were distributed in three classes. 
Achievement test results, mathematics' grades and teacher 
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recommendations had been the main factors in placement of 
students. Thus, the researcher's classes were already 
determined. 
Class A, a seventh grade class functioning below grade 
level, was composed of 20 subjects, with equal numbers of 
boys and girls. Three students entered the system as the 
study began and have been included, although achievement 
test results were unavailable. 
The test scores, from the Comprehensive Test of Basic 
Skills (CTBS) ranged from grade equivalent scores of 4.8 - 
8.3 in reading and 4.5 - 7.0 in mathematics. Since the test 
was administered in October, a score of 7.2 was considered 
on grade level. The class composite of scores can be found 
in Table 2. 
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Table 2 
Class A Results of CTBS Achievement Scores and 
Modules Completed 
Grade Equivalency Scores Modules 
Student Reading Mathematics 1 2 3 
Adam 8.3 7.0 X / / 
Lucy 7.6 5.7 X / / 
Allyson 7.2 4.5 X / / 
Dinah 7.0 6.4 / / / 
Annie 6.7 5.8 X X / 
Neil 6.6 5.4 X / / 
Tony 6.5 6.6 / X / 
Karl 6.4 6.0 / / / 
Seth 6.4 5.4 X / / 
Ricky 6.1 5.8 / X / 
Carole 6.0 7.0 X X / 
Pat 
Zeb 
6.0 
5.2 
5.8 
5.9 
X 
/ 
/ / 
Chad 5.2 5.6 X X / 
Ross 5.1 5.7 X X / 
Greg 5.0 6.0 X X / 
Desray 4.8 4.9 X X / 
Shaun no scores available / / / 
Ralph entered during the X X / 
Celeste study / / / 
note: Test scores on 
Form A, 17/18 
Comprehensive Test of Basic Skills, 
X indicates that the 
module 
> subject completed the entire 
/ indicates that the module was partially 
completed 
Class B had 10 boys and 14 girls for a total of 24 
subjects. Their scores from the CTBS test ranged from 6.5 - 
H.S. (grade equivalents of 9.0 and above were considered 
high school) for reading. The math scores ranged from 7.2 - 
H.S. All of the subjects in this class could be considered 
working at grade level and above. Their composite scores 
are found in Table 3. 
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Table 3 
Class B Results of CTBS Achievement Scores and 
Modules Completed 
Grade Equivalency Scores Modules 
Student Reading Mathematics 1 2 3 
Kevin H.S. H.S. / X X 
Mary H.S. H.S. X X X 
Carolyn H.S. H.S. / X X 
Brenda H.S. H.S. X X X 
Tommy H.S. H.S. X X X 
Leigh H.S. H.S. / X X 
Nancy H.S. H.S. / X X 
Rosemary H.S. H.S. X / X 
Bob H.S. H.S. X X X 
Kurt H.S. 8.7 X / X 
Billy H.S. 8.4 X X X 
Joseph H.S. 8.2 X / X 
Helen H.S. 8.1 X X X 
Sondra H.S. 8.0 X X X 
Hillary 8.9 7.9 X X X 
Kennetha 8.7 H.S. X X X 
Paul 8.5 8.4 / / X 
Fran 8.4 7.4 X X X 
Gilbert 8.2 H.S. X X X 
Corrine 8.1 8.1 X / X 
David 8.0 H.S. / X X 
Colleen 7.9 7.5 X X X 
Lorie 7.2 7.2 X X X 
Jay 6.5 7.3 X X X 
note: Test scores on Comprehensive Test of Basic Skills, 
Form A, 17/18 
X indicates that the subject completed the entire 
module 
/ indicates that the module was partially done. 
Finally, Class C had 34 students. The girls 
outnumbered boys 23 to 11. The grade-level equivalents for 
this class ranged from 8.2 - H.S. for reading and from 7.8 - 
H.S. for mathematics. Their class profile will be found in 
Table 4. 
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Table 4 
Class C Results of CTBS Achievement Scores and 
Modules Completed 
Grade Equivalency Scores Modules 
Student Reading Mathematics 1 2 3 
Cleo H.S. H.S. X X X 
Janine H.S. H.S. / X X 
Lois H.S. H.S. X X X 
John H.S. H.S. X X X 
Paul H.S. H.S. X X X 
Lona H.S. H.S. X X X 
Mike H.S. H.S. X X X 
Bobby H.S. H.S. / / X 
Cissy H.S. H.S. X X X 
Gretchan H.S. H.S. X X X 
Betty H.S. H.S. X X X 
Patrick H.S. H.S. / X X 
Ruth H.S. H.S. X X X 
Tricia H.S. H.S. X X X 
Arthur H.S. H.S. X / X 
Ardis H.S. H.S. X X X 
Rose H.S. H.S. / X X 
Donnie H.S. H.S. X X X 
Wanda H.S. H.S. X / X 
Lynda H.S. 8.4 / X / 
Donna H.S. H.S. X X X 
Martha H.S. H.S. / X / 
Lisa H.S. H.S. X X X 
Allen H.S. 7.8 X X X 
Mel H.S. H.S. X X X 
Susan H.S. H.S. X X X 
Tamara H.S. H.S. X X X 
Kris H.S. H.S. X X X 
Willy 8.8 H.S. X / X 
Megan 8.9 H.S. X X X 
Ginger 8.7 H.S. X X X 
Stu 8.3 H.S. X X X 
Marlena 8.3 H.S. / X / 
Kate 8.2 8.6 X X X 
note: Test scores on Comprehensive Test of Basic Skills, 
form A, 17/18. 
X indicates that the subject completed the entire 
module. 
/ indicates that the module was partially 
completed. 
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Subjects not credited for completing a module were 
absent for one or more sessions. 
Module 1 
Dina van Hiele noted materials must include "a 
construction kit to provide each child with his own geometry 
materials" so that "the pupils and initially also the 
teacher start making discoveries; they explore" (1957/1984, 
50). Oaktag geometric shapes, necessary for each 
appropriate lesson, were cut out and placed in envelopes for 
each individual subject. A separate set was also prepared 
for the researcher. 
Module 1, the first of three, addressed the "basic 
geometric concepts (parallelism, angle, congruence) 
properties of quadrilaterals" (Fuys et al., 1988, 11). 
These topics are also consistent with those that these 
seventh grade subjects would normally study. 
i 
Session 1 - Shape Observation 
The statements of children are rather 
matter of fact. So, at the beginning of 
geometry instruction, one cannot require 
children to reason in a logical way. 
Rather, we have to teach them to reason 
logically. 
(D. van Hiele, 1957/1984, 47) 
According to the schedule, which is expanded in 
Appendix E, the study was launched with Class A. Because 
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all seats were not occupied, this being the researcher's 
smallest class, they asked if it would be possible to have 
"geometry seats." Thus, on the three days of geometry in 
the six day cycle, these subjects moved closer together and 
generally, closer to the overhead. 
Folders were passed out, along with the envelopes of 
twelve shapes. Each subject had affixed his/her random 
number to the folder the previous day and many already could 
identify it accordingly. 
The initial activity was intended to help in 
"determining students' levels of thinking about shapes and 
their properties" (Fuys et al., 1988, 17). For the 
observation of likes and differences of geometric shapes, 
all of the subjects removed the 12 shapes from the 
envelopes. However, only two subjects initially used their 
own shapes as the pairs were presented on the overhead. 
Carole paired the shapes as they were presented on the 
overhead and Chad actually kept moving the shapes and at 
times even super-imposed one upon the other. The remainder 
of the class initially relied solely on viewing the shapes 
on the screen. Karl and Ricky never touched the pieces once 
they were emptied onto their desks, even with encouragement 
to do so. 
For this portion of the first lesson the class was 
consistently at Level 0, their observations being based on 
the appearances as a whole. 
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The first pair of similar triangles elicited 14 
responses of "three sides and both triangles." No 
attributes of the triangles were noted beyond sides and 
angles were never mentioned. 
On the second try a square and rectangle were 
presented. Again, Level 0 responses were noted in their 
journals. Seven subjects noted that "one is longer and one 
is a rectangle." Chad found "two sides of a rectangle are 
longer than a square and taller." Three subjects simply 
wrote "size and shape." This misconception of having sides 
longer to be a rectangle will also be noted in the responses 
of the other classes and indicates that little had been done 
in previous experiences with geometry to interrelate the 
attributes of squares and rectangles. 
The third pair contained an isosceles triangle and a 
pentagon, which were the same height. Buddy thought they 
were "the same basic shape." Eight subjects reported the 
likeness came from "point on top" or "long and sharp point 
on top." One noted "three sides" in spite of the fact one 
shape had five. Even when an attribute was noted it was 
often irrelevant, such as a single point. 
Differences between a trapezoid and a parallelogram 
were again geared to size and shape. One is "long and tall 
and the other has equal sides," although it didn't. They 
are "different sizes" and "one is a diamond and one isn't" 
were mentioned. 
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Annie uniquely described the fifth pair, a rhombus and 
concave closed figure as "they are both the same shape in 
different ways." Even if there was not familiar vocabulary, 
the subjects did manage to find a way of expressing their 
ideas. Dinah was also unique when answering, "One was once 
a diamond but then it got cut off." There were also many 
responses of "four sides and corners" and "pointy corners." 
The final pair presented on the overhead contained a 
pyramid and a triangle. Greg attempted to introduce a new 
term, "trapezoid" though it was not appropriate. The other 
subjects were concerned with the number of sides and "two 
sizes and shapes" also was frequently mentioned. There was 
no additional information written indicating why these were 
different shapes. These were consistent Level 0 responses. 
Carole remained the least expressive answering the six 
situations with responses of "1. same shape, 2. size, 3. tip 
at top, 4. shapes, 5. four corners, 6. shape." 
During the discussion period which followed, subjects 
had the opportunity to add ideas that they had not thought 
of or wanted to record so they could refer to them later. 
All responses followed (M), my response. After (G), group 
response, none of the subjects added any additional 
information from the group discussion, although they had 
been encouraged to do so. 
The second activity presented the first day was one of 
identifying shapes in pictures of skylines and other 
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architectural pictures. Each picture was numbered so it was 
easy to determine at a later time which one a subject had 
used. That number was recorded on their answer sheets in 
their folders. 
Again, a Level 0 response was recorded by all subjects. 
Zeb found a "quadrilateral." When questioned why he thought 
this was so he said "just because it is." In a one-to-one 
situation the questioning may have proved more informative. 
In the classroom this prompting did not seem to provide 
additional information. 
Desray found a "square with all even sides and four 
sides" and a "rectangle with all four sides and two sides 
are long and two are short." 
Many noted rectangles, squares and triangles, but 
properties continued to include number of sides or points. 
When questioned about the number of angles in a shape, 
subjects were able to count them. But, they were not 
reflected in responses and did not seem to be a determining 
factor. 
As they discussed the shapes that were found in their 
respective pictures the combination of new ideas was again 
lacking in the responses they were encouraged to add as 
group ideas. 
Since this was a new undertaking, and it was important 
that all material be submitted, it was apparent the first 
day that organization was needed. At the end of class each 
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subject practiced placing his/her folder on top of the one 
being passed in. This slight modification in collection of 
materials simplified the distribution process, saving time 
and was easily adapted by each of the other two classes. 
Since class periods were 40 minutes long it was essential to 
find the most efficient manner of dealing with material so 
that time on task could be maximized. 
There was not enough time the first day to complete the 
three identification of shapes activities or the free sort 
that was scheduled. Since the classes were to be kept 
together for the sake of this study, the following two 
groups also did only the like and differences and cityscape 
activities. It can be noted that although Class C came into 
the study with higher test scores and had experienced more 
geometry, the mere fact of having 34 subjects with whom to 
pass out and collect work partially negated that advantage 
which will be noted in their responses. 
Class B received their materials and were ready to go 
the second day of the study. Again, there were differences 
noted as the students received materials. Joseph never 
removed the shapes from the envelope but relied entirely on 
the overhead presentations for direction. Mary was very 
deliberate in organizing the material into the pairs she 
believed were alike and different, prior to any formal 
presentation of pairs. 
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Finding something alike about similar triangles 
produced 12 Level 1 responses of "three sides and three 
points" with four subjects adding they were triangles or 
triangular. 
Kevin noted they were "triangles with 3 sides and 3 
angles." However, he did not consistently operate at this 
level, for the comparison of a square and a rectangle 
brought about the response "one even side—other not— 
smaller—bigger." This was consistent with the findings of 
The Project when "progress was marked by frequent 
instability and oscillation between Levels 0 and 1" (Fuys et 
al., 1988, 88). 
Eight subjects found one a rectangle and one a square 
for the second pair. Other familiar written comments 
included "one side smaller," or "different lengths," or "one 
even side, other not, one smaller, one bigger." Congruent 
sides were referred to as even across the scope of the 
study. 
Just as Class A had observed, for the third set 
consisting of the isosceles triangle and pentagon, "both 
have points." This response was noted by 8 subjects in this 
class. Lorie explained the "top half of both forms a 
triangle." Here the subject centered on the more familiar 
shape in the upper portion of both figures while ignoring 
the remaining attributes of the lower portion of both 
figures. 
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In comparing the rectangle and trapezoid Carolyn saw 
"parallel lines and not parallel lines," neglecting the one 
pair of parallel lines found in the trapezoid. Size was 
also observed in some form by 10 subjects either in the form 
of "one is bigger than the other," or "two kinds of lengths 
for sides, other has three kinds." 
For similarities of the two four-sided shapes, one 
containing concave sides, Corrine attempted to describe them 
as "same shape except right—it's points are not sticking 
straight out they're just bouncing out." This was from a 
student who claimed that this was her first experience with 
geometry, as a seventh grader. The concave sides were not 
noted by any of the subjects and the absence of straight 
line segments in one figure did not seem to be a necessary 
condition for similarity. 
The triangle and pyramid were compared by sides. Most 
noted only the outline and said one had three sides and the 
other, four. Only three students noted that one was "2-D 
and the other 3-D." 
For the majority of class time the subjects were very 
quiet as they worked with the pairs of shapes. They spent 
more time examining, contemplating and recording responses 
than the previous class. Their responses indicated more 
familiarity with the language of geometry and they were 
willing to attempt to use it appropriately. 
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Cityscapes were distributed with the same direction, 
"examine the picture in front of you and describe it. What 
geometrical shapes can you find and why do you think they 
can be called that shape?" 
Carol at first wrote "dark sky, many buildings with 
lights on," and needed a prompt to continue looking. There 
was time for the researcher to walk around the room with 
this activity and determine if subjects were noting geometry 
ideas or just giving general descriptions of what they were 
observing. With a reminder that we were looking for 
geometric ideas she then went on to identify "cyllenders, 
triangles, right triangles, oxagon, rectangles, squares and 
circles." No additional support for choices appeared. 
From the skyline of New York City, Gilbert identified 
familiar landmarks including the Twin Towers, Empire State 
Building and a full moon. Likewise, a prompt reminding the 
class that they were searching for geometrical shapes might 
have realigned his thinking. He then included "rectangles, 
squares, trapezoids, cylinders and parallelograms." When 
asked to explain why we refer to some things as a particular 
shape there was no additional information. 
Joseph also listed, without attributes, "diamonds, 
squares, parallels, rectangles, rhombus, trapezoid, right 
angle and blue sky." Carolyn was also operating at Level 0 
with her listing of "triangle shaped windows, diamonds, 
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triangles and parallel lines." She did not specify what was 
associated with those parallel lines. 
Material had to be collected before everyone had an 
opportunity to share their responses. However, with this 
class there were additional notations under group responses 
as the shapes and their attributes were mentioned by other 
students. 
On the fourth day Class C entered the study. With the 
previous modification in the planned lesson the alike/ 
difference activity and cityscapes were once again 
presented. It was more difficult to monitor the subjects' 
actions in a classroom of 34 subjects. There was more of a 
tendency, also, for them to discuss their initial responses 
with one another. Since one purpose of this study was to 
determine if individual van Hiele levels could be identified 
in the classroom setting, conversation had to reluctantly be 
curtailed. While working through the phases of the van 
Hiele model, the subject "becomes conscious of relations, 
tries to express them in words and learns technical language 
which accompanies subject matter" (Fuys et al., 1988, 7). 
If prior discussion had been allowed prior to each session 
it would have been difficult to discern which thoughts were 
those of the subject and which had been borrowed from 
others. 
Just as the classes before them, many students 
identified likes and differences via shapes as a whole. 
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There was more movement toward Level 1 as subjects added 
appropriate attributes to their responses. 
Only Donna viewed the pair of similar triangles and 
claimed "both rectangles, have three sides," confusing 
terms. But, when the group discussion followed she moaned 
"Oh, no!" and changed her response to triangles. 
More extensive explanations followed for differences of 
squares and rectangles than were exhibited by the previous 
two classes. 
Ten subjects stated simply "one is a square, one not," 
and Willy only noted "different shapes." Judy recorded that 
"top and bottom parallels are different lengths; different 
shapes." Susan included, "on one, sides are equal and on 
the other one the sides aren't equal." 
For the similarities of the third shapes, a triangle 
and pentagon, the predominant answers were "points," or 
"pointy on top." Again, subjects did not appear to have 
immediate access to the appropriate geometry language, so 
reverted to Level 0 explanations of shapes as a whole. 
Lack of appropriate vocabulary was also evident when 
finding the differences between a rectangle and trapezoid. 
Tamara thought they were "shaped totally different, shorter 
bottom than the other." Lynda said they were "going in 
different directions" while Bobby, referring to the 
trapezoid, stated "the half-hexagon is smaller," indicating 
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a knowledge of relationships of shapes but unable to 
correctly identify the shape with which he was working. 
Donnie observed, again at Level 0, "One is shaped like 
a square but on an angle, other is like a rectangle but only 
corners cut off." 
Betty, Mel and Gretchan were the only ones that 
observed the relationship of parallel lines to the figures. 
Gretchan stated "Both pairs of sides are parallel—other has 
only one pair parallel." The shapes were not identified by 
name. Mel mistook this parallelogram for a rhombus which he 
said "has 2 sets of parallel lines and the trapezoid 
doesn't." Meanwhile, Betty found "two sets of parallel 
lines and other shape (not identified) has one pair." Betty 
and Mel had both indicated they had studied geometry for 
more than half of the year in sixth grade. 
"Four sides," along with "both have four points," and 
"four pointy tips" or "four angles" were the responses for 
the majority of subjects. The similarities of the 
parallelogram and a concave figure also elicited "both 
slanted edges" and they "lean to the side" from Sissy and 
Janet respectively. There was a continual tendency to 
revert to Level 0 explanations whenever appropriate geometry 
vocabulary was unavailable for the subject for whatever 
reason. 
For the triangle and pyramid, answers were similar to 
those of Classes A and B: "one is 3-D and one is not" or 
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"one is a triangle and one is a triangle with extra pieces 
added on." 
Cityscapes also produced more writing from Class C, 
although in many instances there was fluctuation between 
Levels 0 and 1 in the responses. 
Arthur, Janet, Janine and Mike found shapes and then 
explained the "looked like" and drew trapezoids. Meanwhile 
Susan contradicted herself in identifying trapezoids. "A 
trapezoid has horizontal parallel lines and vertical lines 
are diagonally facing each other on a mirrored door." Then, 
she drew a trapezoid in a different orientation and stated 
"I don't know what it's called." She also included an 
"upside down triangle with 3 edges and 3 corners—one angle 
is 45 degrees and other 90. I'm not sure of the other 
(presumably angle) measurement, as mirror is cut off." This 
seems to indicate her lack of understanding of the relation¬ 
ship of 180 degrees to a triangle. 
Once again, the skyline descriptions were expressive, 
though subjects sometimes lost track of the purpose of the 
exercise which was to determine their ability to identify 
geometric shapes within the confines of a picture and be 
able to describe them. Gretchan wrote a very descriptive 
paragraph before noting "There are many 90 degree angles, 6 
rows of 2 circles and squares within squares." 
As the period ended the subjects had to be prompted to 
complete their writing so material could be collected. 
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Session 2 - Identification of Shapes and Free Sort 
The second day of the study was broken into two parts. 
The first portion of the class involved a final segment of 
assessment. Three individual sheets were presented to the 
subjects to determine their ability to select rectangles, 
squares and triangles from a set of shapes. 
Examples of the three identification sheets will be 
found in Appendix F. The first sheet consisted of eight 
shapes, including three squares. Subjects were asked to 
circle all rectangles and explain why they were chosen. The 
second sheet, selecting squares, had nine shapes, with three 
being squares. The last sheet contained five triangles and 
four additional shapes. Tallies for answers by classes are 
found on Tables 5-7. 
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Table 5 
Class A Shape Identification Responses 
Rectangles: 
A* 
1111 
1111 
1 
B* 
1 
C 
111 
D* 
1 
E 
11 
F* 
1 
G* 
1111 
1111 
1 
H 
1111 
11 1 3 1 2 1 11 5 
Squares : 
A B c* D E* F G H I* 
1111 1111 1111 1111 1111 1111 1111 
1111 1111 11 1111 1111 
1 1 1 
0 9 11 7 11 5 0 4 11 
Triangles: 
A* B* c D* E* F G H I* 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 11 1111 
10 10 0 10 10 0 0 7 10 
* = Correct response 
During the second portion of the class, envelopes 
containing 15 geometric shapes were distributed along with 
paper sorting mats. The subjects were asked to sort these 
so that like shapes were together and then they were to 
trace the shapes for later identification by the researcher 
and note on each mat what characteristics allowed them to 
place the pieces as they had. 
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The Project had determined that "the open sort proved 
to be too time consuming" and "placed a couple of pieces on 
each mat" (Fuys et al., 1988, 21). Their subjects were then 
asked to place the remaining pieces. The anticipated 
results were to show mats containing squares, rectangles, 
parallelograms, trapezoids and quadrilaterals. Since The 
Project suggested many interesting results might arise from 
the free sort, the decision was made to follow that path. 
Only one subject in Class A, Neil, was able to 
recognize a square as a member of the rectangle family and 
circled squares on the rectangle sheet. His reasoning, 
however, was weak when he stated they all have "four sides." 
There was also a rhombus that would have suited this 
definition. 
Annie, Lucy and Jeb indicated it "looks like a 
rectangle" and "cause it's rectangle" for very weak Level 0 
responses. Adam deemed them "long squares," going back to 
reasoning that was most familiar. Ten subjects looked at 
the relationship of two longer sides and two shorter sides. 
Thus, squares were ignored as part of the rectangle family. 
Lucy was content to choose the correct responses but 
then added, "They all have four sides—if you change some of 
them they would look like a square." She seemed to be 
unaware that each of the other shapes had their own 
properties. Desray followed this same line of reasoning, 
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"...can be square if you stretch them or put them close 
together." 
Only Allyson used "parallel and all sides even." She 
had begun to make progress toward Level 1 thinking. 
Triangle recognition centered on "three sides" and they 
were correctly identified by 9 subjects. "H," the eighth 
choice, was selected by 7 subjects who were not concerned 
with sides of the triangle being straight segments. Lucy 
continued to center on the triangle as a whole and found 
they were "triangles no matter how you turn them." 
These sheets were filed in their folders and paper mats 
were distributed along with the envelopes of 15 shapes which 
the subjects were instructed to empty onto their desks. 
They were then to look carefully at the shapes and see if 
they could find characteristics that they shared or had in 
common. Using the mats, they were asked to place the shapes 
that were alike in some way on each mat. Once they had made 
that decision they were to trace the shapes so that the 
researcher could also see how they had sorted the shapes. 
Finally, when they were nearing completion of the 
sorting/tracing process, they were to write the reason for 
the sort on the mat. 
Chad was only one of 3 subjects in all of the three 
classes that placed every shape on one mat "because they 
fit." When asked if there was another way that these shapes 
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could be sorted he responded that it probably would be 
possible, but he didn't want to try. This lack of 
flexibility in thinking was most apparent in Class A. For 
Chad, the initial placement of some shapes by the researcher 
presumably would have helped focus his thinking on 
similarities of shapes. 
Pat was the only subject in any of the three classes to 
actually place and trace shapes to produce a design. When 
this was mentioned he grinned and said, "Geometry is easy 
because it is with shapes." His sorting included shapes 
with "four corners; look like triangles; looks like squares" 
and "I picked these because they are different." He was 
consistently at Level 0 on this activity. But, he had an 
acute awareness of spatial relationships even though his 
geometry language was limited. 
Three mats designating number of sides were used by 
Desray, the hexagon with "six sides," the triangles with 
"three sides" and the remainder with "four sides." Again 
the four-sided sort might have been more precise had the 
clues used in The Project been given. 
Karl had been absent for the initial session and after 
covering mats with seemingly unrelated shapes labeled them 
"awesome, looked cool and triumphant." Much of his 
reasoning throughout the study followed this lack of 
reasoning. 
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Ted placed the parallelograms on the "diamond shape" 
mat, the hexagon on the "six figure mat" and sguares and 
guadrilaterals on the "four sides" mat. On the mat of 
"triangles" a trapezoid and quadrilateral were included. 
Ross, Adam, Ralph, Karl and Dinah also included the "spear 
shape" quadrilateral with triangles. There seemed to be a 
tendency to look at the shape in its entirety and completely 
disregard the fourth point. 
Adam sorted quadrilaterals on two mats, "even and 
uneven sides." The reference was to congruent sides rather 
than number of sides. 
Upon completion of shape sorting there was an 
opportunity for the subjects to compare their placements. 
When Adam mentioned his method of sorting, the term 
congruent was introduced by the researcher. The shapes he 
used were compared on the overhead to show this concept in 
the context of congruent sides. No subjects made an attempt 
to find other congruent relationships and the necessity for 
collecting material made further inquiry impossible. 
Class B received the identification sheets on the 
second day. The first sheet again required the subjects to 
identify which shapes were rectangles and why. Sixteen of 
the 20 subjects present were able to identify all of the 
rectangles including squares. Mary was the only one to 
include "All squares are rectangles." When asked why. 
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the response was "Because my teacher last year kept telling 
us they were." Table 6 shows the response of Class B. 
Table 6 
Class B Shape Identification Responses 
Rectangles: 
A* B* C D* E F* G* H 
1111 1111 111 1111 1 1111 1111 111 
1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 
11 1 11 1111 
18 16 3 17 1 18 20 3 
Squares • • 
A B C* D E* F G H I* 
1 1111 1111 111 1111 111 1 1111 
1111 1111 1111 1111 
1 1111 1111 1111 
1111 1111 1111 
1111 1111 1111 
1 9 20 3 20 3 0 1 20 
Triangles: 
A* B* C D* E* F G H I* 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 11 1111 
20 20 0 20 20 0 0 18 20 
* = Correct Response 
There was still a tendency to rely on the misconception 
that to be a rectangle one pair of sides had to be longer 
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than the other. Rosemary, Tommy, Corrine, Kevin, Joseph, 
Helen, Cleo, Paul, Colleen, Bob and Kurt used this reasoning 
and yet did include squares as a choice. Gilbert was quite 
specific, "All have four sides, two sides are equal and the 
other two are equal." His Level 1 reasoning had taken him 
beyond simply identifying a shape. Again, the square angles 
did not contribute to the definition. 
The idea of parallelism did play a part. Carolyn saw 
"long shapes with each side opposite each other the same 
length and parallel." Billy and Fran also referred to the 
opposite sides as parallel. 
Kennetha was on her way to a Level 1 response, "4 
sides, 4 corners, 4 angles" but then stated, "not the same 
length" referring to the sides. Squares, however, were 
included in her choices. 
Four even sides "all the same length" was the over¬ 
whelming choice for the definition of a square. Rosemary, 
Gilbert and Carolyn said the sides "meet at corners," not 
specifying what type of angles were formed at those corners. 
Mary also included a parallelogram and rhombus with the 
squares and justified it by saying, "Squares have four 
sides. It's just got a distorted figure. If it was 
straightened out it would be the same length." 
Every subject mentioned "three sides" as a condition 
for a triangle. Joseph added "three sides and tri which 
means three." Gilbert, Colleen and Lorie also indicated 
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there were three corners. Kennetha gave a Level 1 response 
of "3 sides and 3 angles," with "three points" added. 
After two days the subjects were beginning to 
experiment with more precise descriptions of geometric 
shapes. Anticipation remained high that this progress would 
continue. It was a short lived expectation. 
The mats and envelopes containing 15 shapes were 
distributed. Subjects sorted the shapes into self- 
determined groups. Tommy guestioned whether all the pieces 
had to be used and was told they were. 
Once the original sorting had been accomplished the 
shapes were traced and the subjects identified the groups 
according to their own reasoning. Just as the previous 
activity had produced movement toward Level 1 thinking, 
sorting proved to be a regressive activity in terms of 
writing about attributes viewed. 
Triangles again became three-sided or just triangles 
with no attributes. Even encouragement to explain why the 
shapes fit the group chosen failed to produce additional 
information. 
Sondra sorted trapezoids but stated they were "almost 
square but there is one or two things that keep them from 
being a square." Also triangles and parallelograms were 
groups with the explanation that "they are all triangles if 
you cut some in half." In this instance she was 
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disintegrating the whole into the sum of its parts and not 
looking at the whole. 
Later, during the discussion period Sondra was asked 
about her choice and she stated that the sguares she had 
sorted all had the same size sides and all right angles. 
But the "almost" shapes didn't have all sides the same. 
Further questioning clarified that the size of the angles in 
the non-square set was not being examined. 
When a square and trapezoid were placed on the overhead 
the class decided that one had four right angles and the 
other had two right angles. Sondra decided that the 
trapezoids and squares could not be put together and that 
being "almost something" was not enough to qualify it for 
inclusion. 
There was a noted deficiency of geometry language when 
subjects attempted to sort pieces that did not fit their 
concept of squares, triangles or four-sided figures. The 
use of the word quadrilateral the previous day and its 
relationship to "quad vehicles," the four wheel version 
which were familiar to the subjects, did not prompt the 
inclusion of the word in the subjects' responses. 
What continued to emerge was the use of non-geometric 
explanations such as Mary's, "All other categories are 
different from these shapes, weird." Corrine's response of 
"kinda looked the same—all bending," or Kurt's decision 
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that it "doesn't go with the others" exemplifies this 
contention. 
As material was collected there was a general consensus 
that the class had been "fun" and the subjects were looking 
forward to their next session. 
On the fourth day the final group. Class C, had the 
opportunity to identify and sort. Table 7 shows the 
responses of Class C. 
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Table 7 
Class C Shape Identification Responses 
Rectangles: 
A* B* C D* E F* G* H 
1111 1111 1111 1111 1 1111 1111 
1111 11 11 111 1111 
1111 1111 
1111 1111 
1111 1111 
1111 1111 
1111 1111 
1111 1111 
11 11 
34 6 6 4 1 7 34 0 
Squares: 
A B c* D E* F G H I* 
1111 1111 1111 1111 
1 1111 1111 1111 
1111 1111 1111 
1111 1111 1111 
1111 1111 1111 
1111 1111 1111 
1111 1111 1111 
1111 111 1111 
0 5 32 0 31 0 0 0 32 
Triangles: 
A* B* C D* E* F G H I* 
1111 1111 1 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 1111 
1111 1111 1111 1111 1111 111 
11 1 11 1 
34 33 1 34 32 0 0 33 31 
* = Correct Response 
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Triangle identification was completed first. The 
majority of the subjects noted there were three sides on a 
triangle. Betty, Janine, John and Tamara all included the 
three-sided concave figure, which seemed to indicate that 
they were unconcerned with the sides being straight. 
Martha decided there were three sides but then 
continued, "If you were able to cut them in half I would 
change my answer." She was examining the shape as a whole, 
but also looking at the shapes that, when combined, would 
form a triangle. 
The sheet of identifications of squares prompted more 
in-depth responses. Although "4 equal sides" appeared most 
frequently as an answer, many subjects added additional 
information. Gretchan looked at the attributes of sides and 
angles in her Level 2 observation, "All have the same length 
and four corners are the same angles and sides are 
parallel." 
Originally Allen said "equal sides," but three sessions 
later went back and added "90 degree angles." 
More than one third of the class neglected to include 
squares in the set of rectangles, regardless of their 
explanations. Wanda had mentioned doing geometry every year 
since second grade. To her, rectangles were chosen "because 
if you have four lines and the other two that are parallel 
to each other on one side." That was the extent of her 
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recollection of rectangles. She was using properties, 
although sparsely. 
Again, the idea that one pair of sides had to be longer 
than the other pair of sides was mentioned by Cissy, Stu, 
Paul, Cleo, Janine, Lois, Marlena, Donnie and Kate. 
Examples of responses included, "These two are only true 
rectangles," and they are "the only ones long and straight." 
Donna also subscribed to this thought with her diagram and 
explanation that "the vertical and parallel lines have 
different lengths." 
Although angles had been examined the previous day with 
the examination of likes and differences, there were no 
subjects using right angles as a condition for a rectangle. 
Though Gretchan noticed, "All four corners were the same 
angle and two sides parallel and other ones parallel also." 
In the second activity, sorting shapes onto mats, it 
was found that two subjects also used a single criteria for 
sorting all shapes onto one mat. Mel gave Level 0 reasoning 
of, "There was a point somewhere." Rose also used one mat 
and noticed, "All have straight lines, points and closed." 
Once again sides emerged as the predominant property in 
the sorting process. Since a hexagon was included, the 
answers frequently focused on a mat containing four-sided, 
three-sided and six-sided figures. 
Cleo was operating at Level 0 when no characteristics 
were mentioned. Rather, the first group included "squares," 
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the second group "triangles,” and the third "may or may not 
have a name." Included in this group was a trapezoid and 
rhombus. Finally, "These shapes have names I know but are 
not squares or triangles." She was reminded that we were 
looking for things that made these shapes alike. Cleo 
responded, "That's what I said." All shapes that seemed to 
be unfamiliar to her were placed on this final sheet. 
Lois was also vague in the reasons for sorting as there 
were "four sides and sorta squares," and "three sides and a 
little bit like triangles—at least two sides are the same." 
The irregular quadrilateral and hexagon were "most 
different—most interesting design." Finally, the last 
group consisted of "four sides and are some sort of messed 
up squares." 
Parallelism was important to Wanda. There were sets 
that contained "no parallel lines, all parallel lines, two 
sets parallel lines and triangles." There was an over¬ 
lapping for many shapes and some could be found on more than 
one mat. Her reasoning was heading into Level 1 where the 
particular properties were emerging as part of the reasoning 
process. 
Lisa briefly stated "4 angled, 6 angled, 3 angled." 
Locating shapes by four sides, three sides and more 
than four sides was the strategy used by Kate. The final 
set, however, contained two figures, one a trapezoid and the 
other the irregular quadrilateral. "This set has cut off 
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triangles." She pointed to the top of her trapezoid to 
indicate where the triangle would go. Then, on the 
irregular quadrilateral she said, "See, if you put a 
triangle here, it would make a new triangle." 
Sides still prevailed as the most mentioned property. 
Subjects seemed to concentrate on counting the sides first 
and secondly, examined the presence or lack of parallel 
sides. Since these activities were "intended mainly for 
assessment" (Fuys et al., 1988, 90), the experiences did 
provide an opportunity to display the geometry vocabulary 
and understanding, or misunderstanding, that each subject 
brought to the study. 
The discussion of shapes and sorting followed. There 
was much discussion regarding the three-sided non-triangle, 
due to the absence of straight sides. In this first phase, 
which Pierre van Hiele referred to as Information, students 
deal with examples and non-examples. There was evidence to 
believe the subjects were unaccustomed to working with non¬ 
examples. Lois summarized it with the observation, "We 
always are asked just to look at a shape and not have to 
tell why it does or doesn't match anything else." 
Many of the subjects also were not particularly 
comfortable with their choices for "free sort" after 
listening to many of the responses. Mel stated, as the 
folders were being collected, "I've never been asked to say 
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why. Now I see that I have to look at shapes more 
carefully." 
Session 3 - Properties of Quadrilaterals 
This session focused on assessing "a student's ability 
to characterize the groups of shapes in terms of properties" 
(Fuys et al., 1988, 22). 
Each subject received an envelope containing three 
shapes—a square, a rectangle and a parallelogram. 
Additional examples of each shape were projected on the 
overhead. Also, 12 property cards were included for each 
subject to assist them in identifying specific properties 
for each of the shapes. Four sticks were included if the 
students wished to check for parallelism. 
Class A received their material and went to work 
immediately, sorting the property cards and recording their 
choices. By limiting the number of choices they did not 
appear to lose track of their primary objective. Subjects 
were observed reading the cards. Some even read them softly 
aloud as if reinforcing for themselves the ideas presented. 
The term congruent, although used during the discussion 
period in the previous session, seemed to be responsible for 
the most misplacement of information. Celeste, Ross, Greg, 
Ted, Ralph and Tony all placed "all sides congruent" under 
the rectangular shape. Carole used "all sides congruent" 
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beneath all three shapes and Chad was unable to place any 
cards for congruent sides or angles on his own. 
Adam had recorded in his journal, "Yesterday I learned 
what congruent meant, it means same size and shape." He 
then went on to use that information correctly during the 
sorting process. 
The idea of right angles presented difficulty for Karl, 
Adam and Ralph. All used the "all angles are right" under 
the parallelogram. 
Answers were repeated by Neil. Under the parallelogram 
he listed "there are four sides" twice. The rectangle 
properties were correctly identified and the properties for 
a square indicated only "parallel, congruent" without any 
further reference. These abbreviated answers indicated that 
he was having some difficulty determining what should be 
recorded and that the time constraints of the class seemed 
to prevent him from fully completing the activity. 
Lucy constructed a triangle on her answer mat even 
though it was not one of the three shapes included in the 
envelope. Since the square and rectangle appeared, she was 
apparently misrepresenting the parallelogram. She then 
wrote on the label "all angles are right angles" beneath the 
triangle. There was an obvious lack of understanding of the 
relationship of angle measurements and triangles. She 
correctly identified "four sides" for the other two shapes 
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and "congruent opposite sides for the rectangle." she was 
not able to complete the activity on her own. 
A discussion of sub-class relations followed. This 
activity was directed to the class as a whole while they had 
the property material on their desks. 
First the class checked for the number of sides and 
quickly came to the agreement that each figure contained 
four sides. Since this had been the predominate factor in 
all previous sorting and identification it was anticipated 
that this would be the first property listed. 
By using the sticks, the idea of parallelism was 
verified by the subjects. Only Neil and Karl had to be 
encouraged to use the material for checking. Meanwhile, 
Lucy was not convinced that the lines were parallel and 
asked Desray to use her sticks to continue the pattern. 
This idea of cooperation among peers was quite evident 
throughout this study, especially in this class. When asked 
what had happened when Desray added her sticks Lucy 
responded, "They kept going." When pressed further to 
predict what would happen if more sticks were added she 
replied, "I guess they'd keep going like that." Her 
prediction was confirmed and then she was encouraged to 
include her new finding in her journal. She did not add 
that information. 
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The overlay for a 90 degree angle was superimposed on 
the figures and there was agreement that two of the figures 
contained 90 degree angles and one figure did not. 
Finally the sides of each figure were examined. Ted 
and Chad actually measured the sides of the square with 
sticks. Ross marked a side of the square on a piece of 
paper for verification and then measured each side 
respectively. It was determined that the sides of the 
square were all the same length or congruent. The opposite 
sides of the other two figures were also found to be the 
same length and were referred to as congruent. 
Even though the class had gone through the properties 
individually, they were very reluctant to move the square 
into the set of rectangles and even more so, into the set of 
parallelograms. They reverted back to "looks like" and 
ignored the properties they had just discussed. Once again 
the square was moved from its own group into the set of 
rectangles and each property was examined. Agreement was 
reached, at least verbally, that a square could be a 
rectangle. Finally, each property card was matched for the 
square and the parallelogram set. Heads nodded in agreement 
that this could happen. But, when asked specifically, "Can 
a square be called a parallelogram?" only Shaun and Neil 
were in agreement. 
Karl recorded at the end of class, "Geometry is a 
special way you do the shapes. I don't understand the 
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words." Carole verbally indicated that so many new words 
confused her, too. 
For Class B, there were 3 subjects, Colleen, Gilbert 
and Mary, who were able to correctly identify and label the 
properties of a square, a rectangle and a parallelogram. 
Mary was also operating at Level 1 when she, without 
prompting, placed the square as a member of the set of 
rectangles and as a member of the set of parallelograms. 
When asked how she could justify that information she 
replied, "My teacher told me last year." Then she added, 
"But you want to know why." She was then encouraged to look 
at the properties and see if there were similarities. With 
that information, she was able to go on and make connections 
through angles and sides. 
The term congruency seemed to be unfamiliar to 12 
subjects in this class. Brenda wrote, "I am beginning to 
learn terms I either forgot or never knew." Others noted in 
free responses they had learned a new word, "congruent." 
When Kurt listed properties, the term congruent was 
omitted. However, responses containing the term congruent 
were listed with "group responses" on the back of his 
response sheet. It appeared that the subjects were willing 
to place the terms they knew, but were less willing to risk 
being incorrect on the terms that were less familiar. 
Tommy then thought a square couldn't be a parallelogram 
since the parallelogram used did not contain right angles. 
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Again, the properties were compared. This seemed to be a 
more difficult concept for the subjects. 
Gilbert then saw the word parallel contained within the 
word parallelogram, which we then circled on the board. He 
then convinced himself that he needed to look for pairs of 
parallel sides if he was to have a parallelogram. This 
exemplifies van Hiele's third phase, Explication. After a 
subject has gathered information and gone through guided 
orientation he is "conscious of relations and tries to 
express them in words" (Fuys et al., 1988, 7). 
Many subjects had recorded the word congruent in their 
journal noting that it meant the same size and shape. It 
was interesting to note that Lorie had taken the time to 
look up the word congruent in a dictionary and recorded it 
as a journal entry before placing the property cards. 
Discussion continued on the placement of squares in the 
set of rectangles and parallelograms even as materials were 
being collected. 
Seven subjects in Class C had no difficulty sorting and 
recording properties with appropriate shapes. 
It seemed apparent that Cleo did not read all of the 
cards initially. While writing she seemed to notice she had 
already written "opposite angles are congruent" under the 
square and replaced it with "all angles are right." 
However, she placed the second response under the parallelo¬ 
gram as well. 
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Ruth, Janine, Cissy and Mel did not seem to be aware 
that when they had identified "all angles congruent" in a 
square that it was unnecessary to also record "opposite 
angles were congruent." As a result, the concept of angle 
size in a parallelogram was omitted. 
A similar misunderstanding appeared in the reasoning of 
Gretchan, Lois and Paul. Each identified "all sides 
congruent in a square" and then added "opposite sides are 
congruent." 
For an unexplained reason, Kris neglected to use the 
property cards at all. This was unobserved until the 
journals were collected. She reverted to "four sides, four 
points" for each shape. Then, attempting to explain pairs 
of parallel sides, identified them with an arrow pointing 
right and one pointing toward the bottom of the paper. This 
appeared to indicate a pair of parallel, horizontal sides 
and a pair of vertical, parallel sides. However she gave no 
other explanations. 
Because of the difficulty many had experienced 
identifying properties, much of the discussion centered on 
why one statement, such as "all" would justify not having to 
be redundant and say "opposite." According to The Project 
(Fuys et al., 1988, 156), "Teachers here should be careful 
about the use of quantifiers (all, some) which are needed 
for Level 1 work." They went on to note that in 1975 Gregory 
and Osborne "found a clear correlation between the frequency 
91 
of seventh grade mathematics' teachers use of conditional 
statements and their understanding of logical statements" 
(Fuys et al., 1988, 156). There seemed to be general 
reluctance, therefore, when the subjects were asked if a 
square could be a member of the rectangle family and then of 
the family of parallelograms. Kris, John and Stu were 
especially insistent that this could not happen. Level 0 
thinking emerged with the "looks like" arguments and the 
idea of "length of the sides." The rest of the class 
appeared to follow the reasoning from one set to the next. 
Fewer of the subjects in Class C seemed to be as 
unfamiliar with the word congruent as had the previous two 
classes. That suggested their perception of more experience 
with geometry, as noted in their journals, had provided them 
with more practice using proper geometric terminology. 
Session 4 - Minimum Properties 
Two activities were presented which provided the 
subjects with experience assessing the properties of two 
separate cut out figures as they were uncovered in four 
stages on the overhead. Their objective was to determine 
what the figure would be using the visible clues of the 
uncovered portion of the shape. Subjects were to record 
their guesses and explain their reasoning. 
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This was followed by a class activity whereby clues 
were verbally presented and the class made a group effort to 
discover the shape determined by the clues. 
Finally, they were given a sheet containing clues to 
the minimum properties of both a square and a parallelogram. 
For the square it was necessary to list the properties that 
were necessary and those that were not necessary. For the 
parallelogram, a choice of three possibilities were given. 
They had to choose what they thought the best single clue 
would be to describe a parallelogram. 
Since Class A was the first to experience this lesson, 
there was some concern that it may be difficult to follow 
their line of reasoning as the shapes were uncovered. They 
were first shown a triangle which was uncovered in three 
steps and the subjects were instructed to write their 
guesses for every possible shape they thought it could be. 
Then, they were asked why they made those choices. 
The activity was completed together and then a rotated 
rectangle was presented that gave the appearance of a 
triangle. The subjects had great difficulty with this task. 
The problem surfaced almost immediately when Ross could not 
determine where he should write his response. He was 
encouraged to number the paper and each time a new clue 
appeared he could write the response next to the number. It 
was evident that there was much more structure needed to 
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complete this session. The activity was stopped so that 
more directed recording sheets could be devised. 
Each class then went through the preliminary activity 
using the triangle. Guesses were made as to what the shape 
could be and then things it could not be. Also, the 
overhead clues were used with all classes and class 
responses were placed on the board. This added an 
additional activity for Session 6, but it was considered 
necessary to assist in the interpretation of the recordings 
of Class A and, presumably, the other classes as well. An 
example of the directed sheet can be found in Appendix F. 
Session 5 - Minimum Properties. Kites and Family Trees 
The next day, with a more directed answer sheet, Class 
A was presented with the partially covered rectangle. 
Nearly half of the class relied on non-verbal 
responses. Diagrams of the shapes they were thinking of 
were drawn. Ted drew a triangle for the first guess, 
accompanied by the word "triangle.” For a second guess a 
trapezoid was drawn. No other words appeared and the 
correct answer was filled in at the end when the entire 
figure was revealed. No attempt was made to guess the 
second figure, which was a trapezoid. 
Karl also did not complete the second figure. For the 
first figure three shapes were drawn. Then he added, "It 
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cannot be a triangle." No reason was given to support this 
answer. 
Ross also had non-verbal responses and circled the 
trapezoid in the third and fourth steps. For the second 
figure, the trapezoid, "right angles" were observed but no 
final answer was given. 
Illustrating answers was also done by Ted and Ralph. 
Ted used a triangle for his first guess and a trapezoid for 
his third guess. There was no second guess and no final 
answer for the shape. Meanwhile, Ralph showed a pentagon 
and rhombus, then a trapezoid and finally a trapezoid for 
his final answer. When he got to the question of whether it 
could be something else he replied, "Yes, don't know." 
Chad said, "I have seen it before," but did not have 
the geometry vocabulary to support his answers, which were 
also very incomplete. 
The class as a whole experienced great difficulty with 
uncovering shapes. Their limited experience using geometry 
language and observing properties severely restricted their 
ability to complete this activity. 
The examination of a sheet on minimum properties 
immediately showed a contrast of many more written responses 
presumably because they had choices to make rather than 
having to formulate answers on their own. No one was able 
to identify the two minimum properties. All of the subjects 
saw a need to include "there are four sides." Lucy, Desray 
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and Ross were the only subjects to use that answer along 
with "all sides are congruent" and "all right angles." 
Others used anywhere from four to seven properties as the 
minimum necessary to describe a square. 
In searching for minimum clues to a parallelogram, 
Allyson was the only one to choose "opposite sides are 
parallel." Six of the subjects chose "opposite sides are 
equal," just as ninth grade subjects had in The Project 
(Fuys et al., 1988). When those students had been asked to 
verify their selections, the individuals drew figures using 
the different properties and then decided that their 
additional properties were unnecessary. Likewise, Ralph and 
Chad were able to follow this line of reasoning. 
Allyson asked if she could explain her answer to those 
choosing other than A, opposite sides are parallel, using 
the chalkboard. After constructing a parallelogram she was 
able to explain parallel lines, referring back to sticks 
used previously. She also explained that since they (the 
lines) don't get any closer together at any place, then "if 
other parallel lines go through them they can't get longer 
or shorter." She pointed to the lines of intersection. 
Allyson also gave a second example and said, "See, there are 
always four angles anyway." Her insight certainly was at 
Level 1 and heading toward Level 2 in that she was beginning 
to experience the if-then situation, and had gone on to the 
Explication Phase. 
96 
The sheet of kites was distributed to the subjects and 
immediately there were comments of "Oh, I fly these!" and "I 
know what kites are!" The subjects were then asked to look 
very carefully at the first group of shapes called kites and 
to see if they could find something that would make them 
alike. Then they were asked to examine the second set of 
figures which were labeled not kites. Now they were 
required to find differences that would not allow them to be 
part of the first group. Finally, they had to answer the 
question "Which of these are kites?" From the five shapes 
they were to circle their selections and describe why they 
were kites. 
Every subject identified two of the kites and likewise 
all neglected to include the square. A rhombus had been 
included in the examples, a square had not. 
Subjects had problems formulating properties on their 
own and most responded at a Level 0. There were some 
explanations beyond the common, "It looks like a diamond." 
Ted was willing to make an attempt when he wrote they "do 
not have parallel lines and is not a congruent object." 
This indicated he had failed to carefully examine the 
examples which had contained a shape with parallel sides 
that were congruent. 
Ross did not have the appropriate vocabulary when 
stating it was "a diamond shape, not a rectangle and sharp 
drop." This might have been a reference to the relationship 
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of sides which Allyson also noted. The "kite has a point on 
top and bottom and kite has opposite sides not parallel." 
There was evidence that the subjects attempted to describe, 
even weakly, properties and were formulating connections 
that would support their choices. 
The final activity, examining sub-class relationships, 
provided an opportunity to see if the subjects could 
identify any relationships between squares, rectangles, 
kites and quadrilaterals. As was previously noted, there 
were cards containing the words quadrilateral, rectangle, 
square and kite available for the subjects. As an example, 
the word parallelogram was placed on the overhead along with 
the word quadrilateral. They were asked which way an arrow 
would go if they completed the question "Is every ...?" 
Ted correctly thought the arrow had to go toward the 
word quadrilateral. Ralph thought that was right because he 
thought there might be a quadrilateral that wasn't a 
parallelogram. Pat pulled out the sheet done previously in 
the class and said, "See, he's right. They're right here." 
Ted, Karl, Shaun, Chad and Allyson were able to 
correctly place the arrows showing all relationships after 
rewriting the words in their own arrangement on their 
recording sheet. Chad added two clues to his answers. 
"Four sides" was noted beneath the word quadrilateral and 
beneath the word rectangle he had written "right angles." 
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Karl arranged his answer as a two pronged relationship 
for squares. From the bottom portion of the square an arrow 
was directed toward the word kite and from there to 
quadrilateral. The other arrow, leaving the upper right 
portion of the word square, led to the word rectangle and 
from there to quadrilateral. On the first day he had 
recorded, "Geometry is boring." A change in attitude was 
reflected at the end of this session when his journal entry 
reflected "Geometry is OK now that I understand. It is 
because I see all kinds of shapes." 
Neil began his sort with the square and then had three 
arrows emerging from it, one to the word rectangle, one to 
the word kite and one to quadrilateral. He had spent quite 
a bit of time rearranging the labels and indicated he wasn't 
finished and thus was scored in the transition Level 0-1. 
What had been completed showed correct relationships. 
Further arrow connections could not be anticipated. 
The second group. Class B, completed Module One the 
next day. As the subjects attempted to formulate properties 
for each group of shapes, nearly everyone again listed four 
sides as their first response. However, as new shapes had 
to be added, they noticed two triangles needed to be placed 
and then decided four sides may have to be changed in the 
first group to "at least three sides." Kennetha saw 
"nothing else in common with other shapes." She found there 
was "one pair of parallel lines on the sides" for group two 
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and finally "opposite sides parallel to each other" ful¬ 
filled the requirements for group three. 
Leigh did revert to "slanty sides" to describe 
trapezoids. "Cone shaped" was Brenda's description of 
quadrilaterals and Carolyn consistently recorded "four 
sides, four sides and four sides, all forms of squares," 
respectively. Joseph referred to the first group as 
"deformed." These were the exceptions. Most of the 
subjects, although not making use of the sticks, did observe 
the presence, or lack, of parallel sides. The use of the 
terms trapezoids and parallelograms appeared frequently and 
appropriately. 
When a new shape, a kite, was introduced using examples 
and non-examples the subjects were again called upon to 
examine the shapes carefully. Only 6 subjects selected the 
square as an example of a kite from the five shapes. A 
rhombus had been included with the examples, a square had 
not. The lack of appropriate geometry vocabulary was 
apparent for this activity. David saw "basically a diamond 
shape," and Kurt saw "either a diamond shape or an upside 
down triangle with two sides on the top." 
Kennetha found "four points, one on top and one at the 
bottom with one someplace on each side—they have kind of a 
triangular shape to them." Then Leigh recorded, "A kite has 
four sides and corners. It is shaped like a diamond. But 
the corners on the sides don't have to be halfway between 
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the top and bottom corners. It doesn't have to be 
proportionately shaped." 
Bob sounded as if he was explaining kites to someone. 
"They either look like diamonds or they have two long lines 
connecting at the top and do that again but make it very 
small. It has to have four lines." 
The reasoning was not precise but the subjects were 
making an attempt to relay their thoughts with more 
descriptions than on previous activities. Sondra's idea of 
a kite was the closest of the day. It is "a shape in which 
the two ends of the shape come to a point and there are two 
pairs of congruent sides." She was not specific about the 
location of these sides but Level 1 thinking was beginning 
to emerge. 
The lack of experience with kites became evident when 
the subjects attempted to formulate a relationship between 
squares, kites, rectangles and quadrilaterals in the Family 
Sort. The practice activity was again presented using a 
parallelogram and a quadrilateral to demonstrate how the 
arrows could be used to demonstrate relationships in the 
hierarchy of shapes. 
The subjects were given the labels and were asked to 
record, via arrows, the relationship between the four 
shapes. Mary, Paul, Kennetha, Gilbert, Leigh, Brenda, 
Sondra, and Rosemary used a variety of arrangements. All 
were correct. 
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At the other extreme Carole, David, Lorie, Hillary and 
Helen had arrows going in all directions with many mis¬ 
conceptions. Helen called all rectangles sguares and showed 
no association between sguares and kites. Carolyn had 
arrows going in both directions for all responses. 
Many of the subjects, including Joseph, Billy, Kurt and 
Kevin had most of the connections correct. What was most 
often missed was the square to kite connection. The other 
association misrepresented was from the quadrilateral to the 
square rather than correctly in the other direction. Some 
subjects noted their missing connections at the bottom of 
the page and others just listened to the responses of others 
and made no effort to make corrections. 
The folders were collected just as the period ended and 
there was concern as to whether all three activities could 
be completed within the time frame for the last class. 
However, since it was important to provide the same 
treatment to each class in the same manner it would have to 
be done and it was. 
Class C seemed to rise to the occasion. Pencils were 
sharpened and everyone was ready to go when the folders were 
passed out. Just as the classes before them, definitions 
determining three groups of shapes was the first activity 
presented. Many subjects were again quick to record four 
sides for all three sets of shapes and had to go back and 
revise their thinking when presented with the extra shapes, 
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most notably, the triangles. Betty found the first group 
contained "four sided quadrilaterals" but eliminated that 
condition when triangles were included. The second group 
was labeled "all trapezoids with one set of parallel sides" 
and the final set had "two sets of parallel sides." 
"Acute angles" appeared as part of the written 
definitions for the first group of figures by Cissy, Cleo 
and Ruth. Although acute angles had been mentioned from 
time to time in previous activities it is presumed these 
subjects used the terms in earlier classes. 
Arthur was quite explicit with an explanation of "three 
or more sides, not parallelogram," for the first group. 
"All are trapezoids, all have four sides, all are quadri¬ 
laterals" described the second group. "All are parallel¬ 
ograms, four sides, congruent opposite," was his description 
of group three. Placements were correct as they were for 
most subjects. It did not appear to be a difficult task for 
most. 
After examining the examples and non-examples of kites, 
the subjects went to work identifying the shapes that were 
believed to be kites. Only 35% of the subjects were able to 
identify the square as a member of the kite family. They 
did choose shapes that confirmed their written definitions 
of kites. But, in most instances, the definitions were 
misleading or incomplete. 
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Most of those not identifying a square as a kite used 
an explanation similar to Lona's. A "kite is diamond shape, 
it is four sided and edges—usually one end longer or 
pointier." 
John believed the kite had to have "four sides with two 
pairs of same size lines and 'there' bent. Has at least one 
point—diamond shape, look arrowdinarie." It is unclear 
what was ordinary about the shape. 
For three of the subjects, Paul, Mel and Lynda, the 
square was a choice but the reason was substantiated by 
again stating, "It is diamond shape." 
Ardis supplied the most complete definition. She 
included the square as a choice and stated a kite "has four 
points, four sides, at least two sides are parallel," though 
it must be noted that this was not always true. Finally, it 
"appears to look like a diamond. The sides that are the 
same come to a point." 
In the final activity, where relationships were shown 
between squares, kites, rectangles and quadrilaterals, the 
practice session using parallelograms and quadrilaterals was 
completed. 
The majority of subjects had no difficulty with this 
activity. Eight of the subjects missed only one connection. 
Kate had no connection between kites and quadrilaterals 
while Lynda, Ardis and Donna neglected to make a connection 
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between squares and rectangles. Only Cissy missed the 
square, kite connection. 
Susan, Kris, Paul and Lona seemed completely baffled as 
they either had arrows going in the reverse direction or by 
using double direction arrows. There was a need for more 
cycling through the phases for this group. 
Module 2 
Angle measurement was the focus of the second Module. 
Throughout this section subjects were required to make 
predictions, measure angles and show relationships between 
various polygons. "Saws and Ladders," terms used by Dina 
van Hiele to designate alternating and corresponding angles 
in her study, were incorporated to help subjects determine 
the relationships of angles formed by parallel lines. 
Finally, the subjects had the opportunity to condense angle 
relationships into another Family Tree and to make an 
extension to exterior angles. 
Materials for this segment included sticks, acetate 
overlay sheets of measured acute, right, and obtuse angles. 
Session 6 - Angle Measurement 
It had been three days since Class A had met for 
geometry and yet, the subjects went right to their "geometry 
105 
geometry and yet, the subjects went right to their "geometry 
seats." Folders were distributed along with a sheet 
containing their first activity. They were presented with a 
circle that was missing a wedge. That wedge was represented 
by four pieces from which to choose. Without using any 
measuring device, the subjects had to select the piece that 
they believed would fit. They were then given some examples 
of angles to measure and triangles which had some of the 
angle measurements labeled. Through the use of angle 
overlays and 15 degree angle slices, they measured the 
angles. 
Nearly every subject was able to correctly guess the 
size of the missing circle wedge. Allyson, however, was the 
only subject to use her knowledge of fractions to justify 
her choice. "I have chosen this piece because it fits 
correctly and there is 1/7 missing." She had partitioned 
the circle into sevenths. Most just noted that it looked 
like it fit. 
When asked what could be used to check this answer, 
there was almost unanimous agreement that a ruler would 
help. This seemed to indicate a lack of knowledge of 
geometric measuring devices. Dinah, however, thought she 
might use what "I think you call it a protractor" and then 
drew one. A lack of precise vocabulary again was evident. 
An acute angle example was placed on the overhead. 
Then the acute angle overlay was placed above it so that 
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subjects could see how one side of the measuring angle had 
to line up with one side of the angle itself. Then 15 
degree slices were placed at the vertex to demonstrate how 
they could also help determine the size of an angle. 
Finally, the sticks were used to examine the relationship of 
the lengths of the sides to the size of the angle. Most of 
the subjects predicted that it would make a difference and 
that if the sides were increased the angle would get bigger. 
They were quite surprised to learn that the size of the 
angle was not affected. 
The subjects had an opportunity to use their own 
overlays to measure a series of angles. Then, the 15 degree 
angle slices were supplied and the subjects used them to 
double check their previous measurements. 
For a triangle Pat recalled, "I used the slices and it 
came to 75 and I had a little bit left so I added it." He 
was correct in his assumption that the 15 degree slices 
would not give him enough. His conclusion was correctly 
stated as an 80 degree angle. He also double checked it 
with the overlay. 
Annie had trouble using both the slices and overlays. 
She became agitated when the slices moved as she moved her 
arm to pick up another piece. Verbally she kept repeating, 
"I don't want to do this" and had to be encouraged to try 
again. She had difficulty staying on task and made no 
attempt to do the tiling activity. 
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Allyson, Adam and Ricky used the % sign when labeling 
angles. Neil was able to provide the class with his correct 
notation for degrees. Angles measured earlier in the class 
had been labeled with a degree symbol, but it had not been 
discussed. It was apparent that nothing could be taken for 
granted. 
Class discussion then focused on the relationship of 
the three angles that formed a straight line and the total 
number of degrees in the triangle. Although there was 
agreement after some observation that both methods yielded 
180 degrees, there did not appear to be a connection between 
triangles and 180 degrees in the minds of the subjects. 
The subjects returned to measuring and checking their 
original estimates. For the majority of subjects, angle 
measurement appeared to be an unfamiliar topic. 
The class was then asked to look at the geometric shape 
contained in the envelope. Shawn, Ted and Tony used their 
overlays to check angle measurements. They were then asked 
if they could imagine what would happen if they put that 
shape on their paper, traced it and then repeated the 
process. Pat was quick to respond, "You'd get a pattern." 
A transparency, which showed the pattern created by a 
rhombus, was placed on the overhead. The subjects were 
asked to record what the pattern reminded them of as they 
examined each of the two pattern sheets. Adam saw a 
"backgammon game," Karl viewed "a fence, diamonds, layers of 
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candy and snake skin" and Chad thought it reminded him of "a 
baseball field and bow ties." Many also thought of a 
honeycomb, basketball nets and sweater and sock designs. 
The parallelogram transparency repeated to give us 
"sound barriers," according to Ted. Shawn wrote that it was 
a "Chinese screen." When these responses were shared there 
was unanimous agreement that geometry is all around us. 
Neil noted, "Geometry is fun if you observe" and Dinah wrote 
"I think geometry is fun to learn because it is part of 
life." This activity did seem to help the subjects make a 
connection between the repeated designs formed by shapes and 
the real world examples of where those shapes might be 
found. 
They were then asked to make a repeated pattern with 
their own pattern piece. They were asked if their piece 
could be used in a tiling pattern. It was soon obvious that 
directions were not clear. Patterns emerged but the 
subjects often had unconnected pieces and it was difficult 
to examine angle relationships and the possible presence of 
parallel lines. For some, the patterns did not fill the 
space. Since it did not seem feasible to go into another 
class session the intent of this lesson became an 
examination of the patterns that did emerge. 
Oral comments revealed the subjects were reverting to 
Level 0 thinking. Karl noted "Mine looks like a table." 
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Allyson wrote, "I think it's going to be a star." Tony 
decided, "It's a rocketship." 
Shawn was more interested in filling the paper with 
patterns than in answering any questions. "I'm not done 
yet!" That day there was no final indication of his 
thoughts. 
The subjects worked on their patterns for the few 
minutes remaining of class time. 
Angle measurement was a much easier task for Class B. 
All of the subjects made the correct selection for the 
missing wedge from the circle. Their initial reasoning 
paralleled that of the first class, "It looks like it would 
fit." However, when asked how it could be checked only 5 
subjects mentioned that a ruler would be their chosen 
measuring tool. Kurt did add, "Measure the span and then 
measure the size of the pieces." Carolyn was the only one 
to mention using a string. 
Nearly everyone else mentioned a protractor or compass. 
Billy specifically stated, "Use a protractor and measure the 
space and then measure the piece—a compass could be used." 
As a group, they seemed to be much more aware of tools that 
could be used for measuring angles. 
There was also an awareness of the relationship between 
180 degrees and the angles in a triangle. Carolyn noted 
that the missing angles in one of the triangles had to be 80 
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degrees "because if you unfold it it would be a straight 
line—180 degrees." 
Many of the subjects also remembered to note whether 
they had used angle slices, overlays or a combination of the 
two. 
While viewing the patterns on the overhead, a variety 
of responses were recorded. The rhombus reminded them of 
"an ugly afghan, stacked tool boxes, an old fashioned 
elevator door, a bees' nest, part of an accordion and a 
vacuum hose." For the triangle they imagined, "paper cut 
with pinking shears, a bunch of ladders and a waffle maker." 
Since the directions were the same as those given to 
the previous class, the outcome was somewhat predictable 
when the subjects were asked to cover an area with a 
parallelogram. Rosemary began covering a region and tracing 
her pattern. She was left with a small space that could not 
be filled with her pattern piece and she wrote "Oops, I 
thought it would fit." She ended her daily journal entry 
with a rather upbeat statement, "I am finally doing 
something in math which I totally understand." A dog, a 
thing and a crab were labeled as end results by three of the 
subjects. But Leigh had thought about the pattern prior to 
tracing and found "My pattern came out differently than I 
expected—it looked better before." 
When Class C was presented with the circle containing a 
missing wedge only Mel chose an incorrect response. He 
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explained it "was first choice guess." He then changed his 
mind when he "used a paper to measure" and chose the correct 
answer. 
For those who indicated studying geometry in previous 
grades, the choice for measurement of the angle in the wedge 
was a protractor. Arthur listed the protractor but then 
added "I don't know how to use one." Marlene, meanwhile, 
stated she'd used her "fingernails to measure but the tool 
looks like this," and proceeded to sketch a protractor. 
The angle slices and angle overlays were then 
distributed and the class went to work measuring. A few of 
the subjects did estimate the size of the angles prior to 
measuring and were frequently quite close to the actual 
size. However, in estimating, 11 subjects demonstrated the 
lack of understanding of the relationship between 180 
degrees and the total angle measurement in a triangle. 
Stu took an arithmetic approach in his reasoning for 
measurement of the missing angle in a triangle with two 50 
degree angles already labeled. He wrote "50 + 50 = 100 
degrees, 180 - 100 = 80 degrees because a triangle = 180 
degrees." This was a Level 2 response, determining angles 
by deduction. 
As they completed the activity Patrick warned, "Looks 
can be deceiving so you should check your work." He did. 
The two overhead transparencies were presented and 
there were some interesting responses. Donnie visualized 
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tire treads and french fries, Ruth saw a fan, Ardis imagined 
laser beams while a tennis racquet was a response of Megan. 
Most subjects added many more group responses than they had 
originally. Tamara was the only subject to see only 
"trapezoids and hexagons." She then added during the class 
discussion that it didn't seem possible that all of those 
things were really made up of repeated shapes. 
When asked to take a shape and form a repeating pattern 
on paper, the subjects were very deliberate. Most did 
manage to completely cover a certain area with the repeated 
pattern. Mike also noticed his pattern had symmetry. When 
asked what that meant he went on to fold the shape and said, 
"See, when I fold this one side is the same as the other." 
Upon closer examination he decided it was only symmetrical 
if you looked at the whole shape. Inside the shapes were 
not the same on both sides of the fold. But he was 
experiencing Pierre van Hiele's phase of "guided 
orientation" whereby he folded and examined relationships 
and searched for symmetry. Unfortunately, there was no 
longer time to pursue this concept during that particular 
class period. A note was made to incorporate the idea of 
symmetry into future lessons. 
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Sessions 7 and 8 - Construction and Identification of "Saws” 
and "Ladders" 
The next two sessions were designed to explore the 
relationship of angles formed by intersecting parallel 
lines. Corresponding angles were identified by their 
position on "ladders" and "saws" produced the relationship 
of alternate angles. 
In the first session a transparency containing a line 
was placed on the overhead. The classes were asked to 
observe the angles created when a series of diagonal 
parallel lines were constructed across it. An angle slice 
was then used to measure each of the angles and the classes 
decided that the angles were all the same size or, 
congruent. 
The activity was repeated for a series of examples and 
non-examples of "saws and ladders." The subjects then used 
rulers and angle slices to construct their own corresponding 
and alternating congruent angles. 
They then received, one at a time, sheets of repeating 
triangles and parallelograms. On each sheet they were asked 
to identify a set of angles in a "ladder" and a set of 
angles produced by "saws." Colored pencils were used to 
shade in the similar angles. 
Both days the emphasis remained on the relationship of 
angles formed by the intersection of pairs of parallel 
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lines. Whether constructing angles themselves or 
determining relationships between predetermined angles, the 
subjects were involved with "saws and ladders." 
Class A exhibited little difficulty constructing 
parallel lines using rulers. Allyson wrote, "We're deciding 
the differences in saws and ladders and the angles between 
them." When asked to clarify this entry she said, "Well, 
you have to decide if the angles are on the same side and 
you'll have a ladder if you have parallel lines or if 
they're on different sides you've got a saw. So you have to 
look and see where they are." She then correctly 
demonstrated her theory on the sheet of parallelograms. 
Many of the subjects remembered to bring crayons or 
markers and shared them with the other subjects. They were 
able to color the angles formed with "saws and ladders." 
Neither Class B nor Class C experienced problems 
constructing "saws and ladders" or identifying them within 
patterns of repeated parallelograms or triangles. 
The second day of "saws and ladders" found some 
subjects in each of the classes experiencing difficulty. 
When Class A was presented with a sheet of 
parallelograms containing partially outlined patterns of the 
"saws and ladders" the subjects went to work. Their task 
was to attempt to discover all seven angle relationships. 
Ross, Chad, Adam, Dinah and Greg were able to correctly 
identify all seven. Karl, Annie, Pat and Tony either 
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identified the angles incorrectly or made very little 
progress in their attempt to identify the "saws and ladder" 
relationships. When the angle relationships were discussed, 
Desray, who had identified some of the relationships, said, 
"Oh, I knew that." She was reminded that the angles were to 
have been identified so that someone reviewing the work 
would also be aware that she knew these relationships. 
The second activity also presented the subjects with 
another opportunity to identify "saws and ladders," this 
time with the angles shaded. There were not only examples 
of "saws and ladders," but combinations of the two. Ralph, 
Tony and Annie were unable to identify any of the angle 
relationships on their own. Meanwhile Annie, who had 
difficulty the previous day, Ross, and Greg were able to 
correctly identify all of the angle patterns. The remainder 
of the subjects were at least able to identify a "saw" or a 
"ladder" pattern but ran into difficulty on the three 
examples involving combinations of the two patterns. 
Shawn identified the single patterns but acknowledged 
verbally, "I didn't know you had to look for both but I 
think I can do it now." He then was able to identify two 
more patterns. 
While the subjects re-examined their selections, an 
overhead transparency was displayed for the students to 
double check their work. Each of the five relationships was 
reproduced, one at a time. 
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The final activity, if angle A = angle C and angle C = 
angle B, then angle A = angle B, caused much confusion for 
Class A. When again reminded that they were still looking 
for "saw and ladder" patterns, most subjects agreed that 
they could find them on the previous examples but the use of 
letters appeared to confuse them. Therefore, the activity 
was done with them using a transparency on the overhead so 
they could follow. The subjects were able to provide 
answers after much discussion. 
For Class B, other than a few careless drawings, the 
subjects had little difficulty producing their own versions 
of "saws and ladders." Mary wrote, "We can use saws and 
ladders to find congruent angles." 
Rosemary was enthusiastic when she wrote of her 
discoveries of angle relationships. "We learned a new way 
to look at congruent angles—saws and ladders. Jumped a 
step ahead of everyone by accident. I just wanted to be 
creative. From parallel lines we found congruent angles and 
I think if you connect the lines, a parallelogram, you'll 
have congruent angles." 
The subjects worked on individual sheets coloring 
corresponding angles via "ladders." Again, crayons and 
markers were used for identification and some subjects chose 
a different color for "saws" or alternating angles. 
Kennetha revealed her perspective of the day's lesson. 
"This is kind of hard, I don't really enjoy it because it's 
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kind of hard. There are many examples of both saws and 
ladders in the room." At the end of the second day she 
added "After practicing, it becomes a little easier." Her 
answers the second day were complete and the angles were 
identified correctly. 
Leigh echoed the same belief, "I learned about saws and 
ladders." The next day she added, "I understand it more." 
With practice the subjects did find it easier to 
identify like angles. The subjects also were able to 
determine congruent angles from the partial outline of the 
sides forming the angles. 
For the five patterns of angles shaded the subjects had 
no difficulty identifying "saws or ladders." They also were 
able to identify a combination of two "ladders" and two 
"saws." Mary, Colleen, Paul, Lorie, Hillary and David 
missed the "ladder/saw" combination. The remainder of the 
class was able to identify all five relationships. 
The final activity required the subjects to determine 
why angle A equals angle B (ladder-ladder) and why angle 1 
equals angle 2 (ladder-saw). Most of the subjects were able 
to reason the relationship for the first association, though 
Corrine, Carolyn and David could not provide a reason for 
either example even after encouragement. They did some 
shading but were unable to record the relationships. 
During the discussion period at the end of class there 
was agreement that "saws and ladders" could provide us with 
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a method to find congruent angles. Billy realized there was 
a "ladder" formed in the window frame and Hillary noticed 
"saws" in the pattern on Gilbert's shirt. 
The first day spent with Class C on "saws and ladders" 
seemed to present no difficulty to the subjects. They were 
able to produce the "saw and ladder" relationship from 
parallel lines and the angle wedge. Susan summarized, "I 
now understand the angles on saws and ladders but it should 
be much easier with different colors." When she used 
crayons the next day to identify the angles she did think it 
made angle identification easier. 
Arthur thought, "An angle in a ladder looks like a 
rudder," and added, "I am more aware of geometry shapes and 
I can see shapes in many things." Meanwhile, Ardis noted 
"Today I finally grasped how to write angles in saws and 
ladders." She was able to identify all examples. 
The class had no difficulty determining "saws and 
ladders" within predetermined patterns. For identified 
angles, they were able to identify "saws and ladders" and 
only Arthur and Lona experienced problems with the 
combinations of the two. 
There was some regression to Level 0 thinking during 
the final activity on the second day. The subjects were 
required to use the "saw/ladder" relationships to explain 
why angle A equals angle B and angle 1 equals angle 2 via a 
second angle. Lynda wrote they were the same size "because 
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they're both around a 45 degree angle—if you look and 
estimate. All these angles appear the same—I have no 
idea!" She had not had problems finding corresponding and 
alternating angles the previous day. However, she did have 
difficulty determining the relationships. 
Ginger stated, "Angle 1 = angle 2 because when I drew 
the ladder including angle 1 and angle 2 they were 
corresponding. Then I drew another ladder including angle x 
and angle 2. When I drew the ladder the angle above angle 2 
corresponded with angle x. So that's why angle 1 is equal 
to angle 2." This was a Level 2 response as was her second 
answer. 
Mike, Mel, Lois and Adam were among those who continued 
the discussion of their findings, even as the folders were 
being collected. 
Session 9 - Angle Sums of Triangles and Quadrilaterals 
During this session subjects were led to formally find 
the sums of angles in triangles and quadrilaterals. There 
was also an extension to determine the sum of angles in any 
polygon. The materials for this session included grids of 
repeated triangles and parallelograms for both the subjects 
and overhead transparencies. These were used as an 
extension of "saws and ladders" to determine the total 
degrees in triangles and quadrilaterals. The subjects also 
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received a pattern piece of an irregular quadrilateral which 
was used to explore the relationship of the sum of angles in 
a quadrilateral and a circle. 
The angle sum of a triangle was first explored using 
colored markers and the triangular grid transparency. One 
angle was identified and the subjects were asked to color 
another corresponding angle along the "ladder." The second 
and third angles were likewise identified. The subjects 
were then asked to explain the relationship of the angles. 
A summary card was posted noting that the sum of angles of a 
triangle equals 180 degrees. 
The procedure was repeated for the parallelograms and a 
summary card indicating the sum of the angles in a 
parallelogram equals 360 degrees. 
Using the pattern piece the subjects constructed three 
more identical quadrilaterals. They then lined up the first 
pattern piece and colored corresponding angles the same. 
They were asked to arrange the pieces so that each touching 
color was different. The subjects were asked to explain 
what had occurred. 
Finally, they partitioned the quadrilaterals into two 
triangles to experience a second method of determining the 
total degrees in a quadrilateral. 
Class A had difficulty with this session. With the 
exception of Ralph, Carole and Allyson, responses were 
frequently at Level 0. They had problems with the 
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association that three angles in a triangle and a straight 
line were equal to 180 degrees. The subjects were able to 
follow along when the examples were presented on the 
overhead. They were again able to determine a "saw or 
ladder." Written responses were nearly non-existent. They 
would revert to saying there are 180 degrees in a triangle 
because someone told them so. 
We then put two triangles together and the subjects 
agreed that we had a four-sided figure which Ted remembered 
was a quadrilateral. When asked if all quadrilaterals could 
be partitioned into two triangles there was uncertainty. 
Another quadrilateral was placed on the overhead and Ross 
was able to show how that, too, could be partitioned into 
two triangles. 
None of the subjects made the connection on their own 
that a quadrilateral contained 360 degrees. 
We returned to the measurement on the first repeated 
triangle transparency and did come to an agreement that we 
had 180 degrees in each triangle and then Ralph said, "Oh, 
you add those together and get 360 degrees." 
Each subject was given a pattern of an irregular 
quadrilateral and was asked to identify each angle with a 
different color. They then colored the three other patterns 
identical to the original. Ross, Allyson and Carole stacked 
the pieces to make certain the angles matched. Chad 
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numbered his angles first to make certain they were in the 
correct position before coloring. 
When they finished coloring they were asked to match 
the angles so that there would be no spaces or overlapping. 
Then they traced the pattern so a record of their work was 
preserved and the new angles were colored accordingly. 
Lucy recorded "We colored a shape today and traced it 
and a circle is 360 degrees." It was not definite from what 
she wrote if she realized that these angles were the same as 
those in the quadrilateral. 
Dinah was a bit more specific, "When making this circle 
I had to use 4 angles with 4 different colors." For Ross 
"This is almost like a Chinese star—they all fit together— 
a circle." 
At this point an extension was made to the angles in a 
pentagon since that was incorporated into the Family Trees 
in the next session. Again, the subjects were asked if they 
could think of a way to find the total angles in a pentagon. 
The summary cards were used as a referral point. The 
subjects had much difficulty with this concept. 
It was the first session where frustration seemed 
apparent with many of the subjects. Little had been 
recorded by most of them. Allyson did summarize the class 
by recording, "We learned about 180 and 360 it was fun." 
Shawn did admit, "I'm having a little trouble," and he was 
not alone. 
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The second group. Class B, had very little difficulty 
identifying congruent angles from the overhead by reasoning 
of saws and ladders. They colored corresponding and 
alternating angles and noted the angles of a triangle 
corresponded to the three angles that met at a point in the 
repeated pattern. Billy recorded, "The triangle is 1/2 of a 
parallelogram and all of their angles meet." He did not 
specify where. 
Meanwhile, David was able to give verbal responses when 
asked about the relationship of angles. However, his 
written responses were brief and often occurred only after 
being reminded to record his ideas. He was able to explain 
that the three angles in the triangle were all different and 
therefore he colored them differently. He went on to 
identify a point on his paper and said, "See, I know they 
make a straight line here and that's (pointing to the 
colored region) half a circle so it's 180 degrees." He 
seemed reluctant to record that much information even when 
encouraged to do so. 
"We can find the measurement of angles on triangles by 
using saws and ladders," wrote Mary. She went on to 
transfer that knowledge by combining two triangles and noted 
there was a new pattern that made a circle. 
The irregular quadrilateral was presented to the 
subjects and they were to color each of the four angles a 
different color. The subjects traced three more pieces and 
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then repeated the coloring process as they had the first 
piece. They were then instructed to find a way in which the 
four angles might be placed around a specific point with no 
overlapping sides and no gaps. 
Kennetha was quite explicit in her writing. "Today I 
learned that total angles of a quadrilateral equals a 360 
degree circle. That could be useful, now that we have that 
information." After she completed her pattern she wrote "If 
you take 4 quads, the same shape, then color the angle in 
the same place on all of them so that there's a different 
color together in the center = a circle." She sat back in 
her seat, with arms folded and smiled. It appeared that she 
was confident with her answer. 
Meanwhile Carolyn experimented with various 
arrangements before deciding, "Arranging the points of a 
quadrilateral with different colored angles in the center of 
it can fit any way." She had tried to place identical 
colors together and found that similar angles produced 
either gaps or overlaps. 
There was a different perspective noted by Tommy. "If 
you fold it up like a ball you will have all the colors 
match up like all the colors in the center." He was able to 
imagine that by curving the sides there would be a 
repetition of the arrangement of angles. 
Colleen, Helen, Gilbert, Bob, Paul, Lorie, Hillary and 
Corrine initially noted the angles "fit" but did not specify 
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that the result was a complete circle or 360 degrees. This 
appeared under G, for group discussion. 
Finally, "We learned how to find the number of degrees 
in any sized -gon," wrote Leigh. She, and the rest of the 
class, had little difficulty discovering the relationship of 
triangles formed from a vertex, the number of sides and the 
total degrees in any -gon. At the end of the session the 
subjects were challenging one another to find the angles in 
shapes such as a "forty-gon" or an "eighty-gon." 
Class C also had the overhead transparencies presented 
as a basis for discussion of the angle relationships in 
triangles and quadrilaterals. Angles were shaded according 
to the "saw and ladder" theory. None of the subjects 
appeared to have difficulty identifying the total angles in 
a triangle or quadrilateral. 
Once again the subjects received the irregular 
quadrilateral pattern and were directed to identify the 
congruent angles with the same color. They located a point 
and were also instructed, as had the previous classes, to 
arrange the angles of the shapes around the point. 
Kate wrote, "Today I learned that angles of a different 
size can come together to form a 360 degree circle." She 
went on to add, "When putting the same angles together they 
do not make a perfect circle but different angles and colors 
do." She had experimented with different arrangements and 
noted this experience. 
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Kris explained "Today we explored more about saws and 
ladders. Geometry is interesting." She concluded, "All 
angles of a quadrilateral equal 360 degrees." Marlena also 
came to the same conclusion when she wrote, "All the angles 
came out to a circle and all of the pieces fit nicely 
without overlapping. When I tried to put all of the same 
colors together they didn't fit." 
Yet many of the subjects seemed to experience 
difficulty with this task and were unable to express any 
relationship. Lynda, as an example, recorded, "I'm lost. I 
see no relation." Bobby had six angles meeting about a 
point. The second try produced the same, overlapping 
result. Tricia found, "If you put the different colors in 
the different ways it still comes out the same." Yet, there 
was no additional argument to substantiate her finding. 
Donnie and Wanda colored and fit the pieces together 
but had no recorded comment to explain what they observed. 
Rose noted, "They all join at the same spot," and Janine 
wrote, "I don't know." 
For this part of the session, this class appeared to 
have much more difficulty expressing themselves than the 
class before them. During the group discussion many of the 
subjects listened and still recorded nothing, even after 
being encouraged to do so. They seemed to be attentive to 
the placement of the irregular quadrilaterals. They spent 
127 
more time placing and rearranging the shapes than the other 
two groups. Yet, their conclusions were weak. 
This group had spent more time coloring and arranging 
the quadrilaterals than the previous groups and thus had 
less time to explore the relationship between sides and 
triangles in various shapes to determine total degrees in 
any -gon. There appeared to be little enthusiasm for 
further exploration of total angles in multi-sided shapes 
that had been noted in the previous class. 
Session 10 - Family Tree - Angle Relationships 
The subjects had to complete a second Family Tree to 
assess their understandings of the relationships of angles 
contained in various figures that had been presented in 
Module 2. The "saw" and "ladder" angle relationships in 
triangles, parallelograms, irregular quadrilaterals and 
pentagons were to be fit into the Family Tree. 
Exterior angles of triangles were also explored in 
relation to the sum of the opposite interior angles. Then 
the subjects were to determine where the exterior angle 
concept might fit into the constructed Family Tree. 
The subjects were given a sheet containing eight 
property cards that also contained diagrams. The first two 
cards included a "saw" and "ladder." The third card showed 
a straight angle with the statement, "A straight angle 
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measures 180 degrees." The next four cards contained three, 
four, and five-sided figures. A parallelogram was presented 
with the idea, "Opposite angles of a parallelogram are 
congruent." On the card with the irregular guadrilateral 
appeared, "The sum of angles in a quadrilateral is 360 
degrees" and a pentagon card noted, "The sum of the angles 
in a pentagon is 540 degrees." 
The angles were shaded on each figure. Finally, a 
REMINDER card featured a pentagon showing the triangles 
formed within from a single vertex. 
Class A received the summary sheet and immediately 
comments could be heard, "I can't do this." and "I don't 
know what to do." A sample of the first Family Tree 
activity had been projected on the overhead and they were 
reminded of the way in which they had tried to find how one 
shape had a special relationship to another. They were re¬ 
acquainted with the idea of using arrows to connect 
relationships between shapes. There was space at the bottom 
of the idea sheet for them to record their responses. 
The subjects were observed reading their information 
sheets. Karl, Ross, and Adam redrew their eight rectangles 
containing the information. They studied the result, yet no 
arrows, indicating family relationships, were drawn. 
Although none of the subjects identified all of the 
family connections, they were able to record some 
associations. It was the first time that many of the 
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subjects referred back to their journals to check previous 
notes and review work that might help them complete the 
activity. Others, such as Annie and Neil, procrastinated 
initiating any work by lingering at the pencil sharpener and 
walking an indirect path to their seats. Annie then 
shuffled papers for a few minutes and after being reminded 
to get to work, did finally begin to examine the fact cards. 
Tony appeared to be indecisive with the selections. He 
finally drew some lines, but it was difficult to determine 
what he was attempting to connect. It was suggested that 
perhaps the use of arrows on the lines would make his 
choices clearer to understand. No further responses were 
recorded by him. 
Desray used no arrows or lines of connection but 
vertically lined up the ladder, the straight line and the 
parallelogram. She was the only subject to display her 
responses on two sheets and used the saw with the triangle 
on the second sheet. 
Four of the subjects showed progress toward Level 1 
with their responses. Although Ralph, Allyson, Carole and 
Pat were unable to complete all relationships 
satisfactorily, the ones they did connect were correct. 
The entire session was devoted to the Family Tree. No 
attempt was made by the researcher to include the exterior 
angle extension. 
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Class B also seemed to experience more difficulty with 
this Family Tree than with the one they had completed in 
Module 1. 
Eight of the subjects were able to complete the Family 
Tree with logical connections. Most noted the relationship 
between "ladder" angles, straight angles and the triangle. 
They then made the connection to the quadrilateral and 
pentagon. Most also noted the relationship between the 
"saw" angles and the angles in a parallelogram. Mary, Jay, 
Kennetha, Hillary, Brenda, Kevin, Carolyn and Lorie made 
choices without hesitation and did not refer to previous 
notations in their journals. 
Fran, Nancy, Paul and Gilbert neglected to include the 
irregular quadrilateral in any associations. It was 
difficult, from their responses, to ascertain why this shape 
was omitted. 
Attention was again focused on the relationship of 
angles formed by the intersection of parallel lines. The 
subjects examined the exterior angle of a triangle as the 
sum of the opposite two interior angles using "saws and 
ladders." They experimented with examples and were then 
given a series of interior and exterior angles and asked to 
use given measurements to place in the examples. The final 
example required them to determine that angles X + Y = Z. 
Although the subjects had little trouble identifying 
and labeling the given angles, they were unable to determine 
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how this concept would fit into the larger framework of the 
Family Tree. Either it was ignored in its relationship to 
the Family Tree or the subjects wrote, "I don't know." 
The format of the Family Tree was also presented to 
Class C through the use of the overhead projector. They 
were then given the Family Tree sheet. The subjects spent 
more time examining the material than either of the previous 
classes. Mel wanted to know if he should record everything 
or just the words. It was suggested that he also use the 
diagrams to clarify his work. 
Willy presented a unique Family Tree. He sorted the 
parallelogram and quadrilateral and labeled them "four 
sides." He then linked the straight angle with the triangle 
and the triangle to the pentagon and declared it was "the 
number of sides." Finally he connected the "saw" and 
"ladder" to both groups, indicating, "Both are used to find 
the angles." 
Again the Family Tree activity seemed to be difficult 
for the subjects. The shape that seemed to cause the most 
difficulty was the irregular quadrilateral. For many of the 
subjects, there was no connection at all between that shape 
and any other presented. More than half of the subjects 
neglected to use it at all. The "ladder-straight line- 
triangle" relationship was identified by most of the 
subjects. 
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Helen had arrows going in all directions and finally 
wrote, "Sorry I messed up," and then made another attempt 
which still neglected to differentiate relationships. 
Patrick correctly established a relationship between 
180 degrees of a straight angle, the connection to a 
triangle and from there to the quadrilateral showing 360 
degrees and the pentagon with 540 degrees marked. He then 
connected the ladder with opposite angles congruent in a 
parallelogram. He did not tie that information to the idea 
of angle measurements. The "saw" was not used. 
Mike, Bobby, Susan and Lisa correctly linked most of 
the cards though omitted the relationship between the angles 
in a straight angle and a triangle. 
This session was completed in near silence as the 
subjects tried various combinations to determine the correct 
relationships between the eight criteria cards. 
Module 3 
The first of these sessions involved the assessment of 
the subjects' understanding of area. Subsequent sessions 
found the subjects examining the areas of right triangles, 
rectangles, parallelograms and trapezoids. As with previous 
Modules, the Family Tree activity was used to assist the 
subjects in tying together the concepts examined. 
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Materials used in this Module included tangrams, inch 
squares, an L-square measuring device and a map consisting 
of regular and irregular city blocks. 
Session 11 - Tancrrams 
As had been the case with previous Modules, Class A was 
the first to investigate area. Only Allyson and Ted 
indicated that they had prior experience with tangrams. 
However, once the pieces of the tangram were passed out, 
most of the subjects acknowledged they had at least seen the 
tangram puzzle at some point. Each of the subjects 
immediately began to arrange the pieces into some order on 
their own. 
They were directed to determine if two of the triangles 
could be placed so that the new figure was a square. All of 
the subjects were able to complete that task successfully. 
Most of the subjects needed to place one of the triangles on 
the desk and then flip and rotate the congruent piece until 
the square was completed. 
Chad was determined that he could fit all seven pieces 
into a square and did not want to do anything else until he 
could accomplish that feat. He had remembered seeing 
someone previously putting the pieces together. Later, he 
recorded, "I learned about tangrams today." 
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Quickly it became a contest to see who would be the 
first to complete the square, if it could be done, for there 
were some skeptics. It was soon apparent that the time 
frame for the study was again going to have to be adjusted. 
The decision was made that this self-directed motivation to 
manipulate the seven pieces into a predetermined shape was 
of more importance at the moment than a continuation of the 
exploration of area. The subjects needed that time to 
explore, experiment, predict and form conclusions. 
As the subjects arranged the seven shapes they would 
share their findings with those sitting nearby and the 
conversation would often sound like, "Oh wait. This might 
fit." Then both of the subjects would return to their 
attempts. It was obvious that the parallelogram caused the 
most difficulty. 
After approximately 15 minutes of work, a sheet of 
combined shapes was presented. Frustration had begun to 
emerge and we returned to the directed lesson with a promise 
that we would eventually explore a solution to Chad's 
premise that we could make a square out of all the pieces. 
The sheet contained three shapes containing the same 
area. All had a square and the two small triangles for a 
base and the medium triangle on the top. In the first 
figure the base was arranged as a rectangle, the second a 
trapezoid, and the third a parallelogram. The subjects were 
directed to look at the shapes first and then determine from 
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sight which had the largest bottom section and why. The 
second side also contained three figures, but in this 
instance the third figure contained the most area. 
Ross was incorrect on his first attempt stating that 
figure B was the largest since "it had the biggest bottom, 
it takes two block." By using the pattern pieces he was 
able to determine that they all required the same number of 
congruent pieces. His attempt on the second side was 
correct and he confirmed his guess by outlining the figures. 
Shawn, however, guessed that the "parallelogram is the 
largest shape." He had divided the first two figures into 
the square and the two small triangles. However, the final 
figure was broken into the parallelogram and two triangles. 
He did not go any further to dissect the parallelogram to 
show its relationship to the square. At the end of the 
session he noted, "I learned a new word today, tangram." 
The manner in which the figures were dissected had an 
influence on the final conclusion. Chad noted A and B were 
both the same since he used the medium triangle and two 
small triangles as the component parts. In figure C he used 
the square and two triangles. 
Pat also examined the figures and chose B as his 
largest base since it "is the biggest one of all the 
pieces." He, too, had used the medium triangle in only that 
figure. 
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Carole determined that the answer to the first side 
should be C because, "It is a parallelogram, opposite sides 
are parallel." She had correct information but did not 
answer the question that was asked. She, along with most of 
the subjects in the class, was able to identify shape C as 
the one containing the most area. There appeared to be some 
understanding of the idea of area, although the concept had 
not yet been taught in Grade 7. 
Carole also was the first to finish the task of area 
and returned to the problem of constructing a square from 
the seven tangram pieces and did succeed. She then was 
asked to give Ted, who also was able to place all shapes, 
the directions for the solution so that he could reproduce 
the square on the overhead. It gave her the opportunity to 
verbalize what she had done to arrive at a correct solution 
and he verified her work. 
As Desray noted, "Today we used tangrams to show 
shapes." Though Karl wrote, "Geometry is cool, I think." 
He did not elaborate on the class activities of the day. 
Class B began the last Module the following day. They 
were also presented with the tangram pieces and after 
examining the relationship between two triangles and a 
square they were given the opportunity to attempt to 
construct a square from all seven pieces. Mary, Gilbert, 
Nancy and Rosemary were able to accomplish this task after 
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some experimentation. Others were quick to copy their 
accomplishments. 
The sheet of shapes made from tangrams was then passed 
out to the subjects. They were asked to examine the three 
shapes and determine which base was the largest. The shape 
B received the most incorrect responses. As an example of 
the reasoning Kevin wrote, "Because two pieces take more 
space than A and C's three pieces." Or, as Corrine 
responded, "B has the largest bottom part because when I 
traced the shapes (B's) they were the largest shapes I 
traced." Although the two shapes represented two of the 
larger pieces they neglected to note that the parallelogram 
was equal to two of the small triangles. For others it just 
"looks bigger." 
The shape C also received a considerable number of 
votes and for a similar reason. Carolyn recorded, "It looks 
bigger and the pieces that make it up look bigger than the 
rest." Jay also thought it was C because, "C uses three 
pieces," while dividing the other two shapes into two 
pieces. The size of the shapes was disregarded. 
Gilbert just noted they are "all the same." Kennetha 
was more specific as she recorded, "They all have the same 
amount of space taken up by the bottom because they're all 
made up of four of these," and then traced one of the small 
triangles. Sondra, Kurt and Fran all concurred that the 
size of each base was the same. 
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The second group of shapes appeared to cause fewer 
diverse answers. The shape with the largest area, C, was 
chosen most often. However, the reasoning did not 
necessarily support the answer. Billy broke the shapes into 
parts but just wrote, "C is much bigger." Kevin found that 
when he subdivided shapes A and B he found "A and B are 
equal in area" and then found there was one more triangle in 
the figure, C. Kurt also recorded, "The other two used the 
same kind and amount of shapes but C used a square which is 
twice the size of one triangle." 
Many noted that they had worked with tangrams for the 
class period and Leigh stated, "We worked with tangrams 
today and I like them." Fran attempted to generalize about 
area when she added, "The area of the square depends on the 
amount or something." Nothing else was added so it is not 
clear what that something was. 
Class C then received the tangram treatment. The 
subjects were asked if they knew how many pieces were used 
in a tangram puzzle. Most of the subjects noted between six 
and ten pieces. Arthur thought there were about 29 pieces 
and Mel guessed about 66 pieces. Mel, Arthur and Kris also 
had the most difficulty attempting to construct a square 
from the seven tangram pieces. The remainder of the class 
quickly worked, often double-checking with someone close by, 
to complete the square. 
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The sheet of shapes was then presented and only Ginger, 
Allen and Donnie believed that figure A was larger than the 
other two. Donnie then wrote, "I found this by using the 
parallelogram. I misunderstood because I was just looking 
at the base. C is the largest." He still misunderstood. 
Kate, Arthur, Gretchan, Lynda and Janine noted that 
figure B was the largest. Lynda noted, "Squares take up 
lots of space because they have fewer parallel sides." 
There was no further clarification. Kate stated, "B takes 
up the most space because for B I used the medium triangle 
and the parallelogram and for A I used the two small 
triangles and the square and for C I got the square and the 
two small triangles. The shapes used for B are put together 
and form a bigger shape than the rest." 
The remainder of the subjects found various solutions 
to support the fact that the shapes were all the same size. 
Lois was very explicit, "They are all the same. First I 
used the square shape. I found 2 squares = the shaded part 
in A. I took square to C. The square fit. I found 2 more 
triangles = 1 square. The 2 triangles with the square = the 
whole shaded region. Then I took the square to B. I also 
fit 1 square and 2 triangles = the whole shaded region of C 
= 2 squares." 
The majority of the subjects guessed that figure C in 
the second set contained the greatest area. For those that 
guessed something else, there was time spent determining if, 
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in fact, there was a way to prove the statement. Cleo was 
one of those whose original guess was disproved. "I fit 2 
squares and a small triangle inside C. I can't fit that 
much into B." 
Bobby guessed that C was the largest after finding M5 
triangles or 3 triangles and a square make up C," and "A and 
B have 1 square and 2 triangles." Rose began with C and 
noted, "If you try to fit the shapes of C into the others 
it's too much." Patrick used the same reasoning. 
The subjects were very deliberate with their answers 
and spent a considerable amount of the class double checking 
their responses. 
Session 12 - Area of Rectangle 
For this session an assessment of the subjects' 
knowledge of area was presented as a problem-solving 
situation. The investigator stated, "Suppose you wanted to 
make a little jewelry box for a friend. You want to cover 
the top with expensive gold paper. You can use these two 
sizes of boxes. Which top is larger? Which needs more gold 
paper to cover it? How can you check this?" (Fuys et al., 
1988, 46). 
Each of the subjects received a sheet containing two 
rectangles, one 5 by 5 and the other 4 by 6 inch squares and 
After they had spent the time they needed a ruler. 
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determining which box would cost the most to cover they were 
given an L-square to use if they wanted another method to 
check their answer. 
Class A received their materials and were given the box 
covering situation. Ross stated that he knew someone who 
used that "really thin" gold paper and it was really 
expensive. That fact was verified by others in the class 
and discussion lasted for a few minutes on the use of gold 
leaf for decorative purposes as compared to something like 
gold wrapping paper. There was agreement that you would 
have to use the gold leaf sheets very carefully. 
Lucy was not able to come up with the correct answers 
as stated. She "measured the side of each shape and added 
together each." She concluded both tops were the same. 
Adam also "measured every side and added it all up and it 
all equals 20." 
Ted noted in his journal that, "Today I learned how to 
tell someone how to find the total square units." He did 
have the correct final answer but neglected to explain how 
he arrived at this result. 
Sometimes the work that was explained did not agree 
with the perception of the subject. Greg used the inch 
square strips instead of the individual inch squares. He 
then wrote, "4 six square strips then multiply 6 x 4 = 24." 
He had previously measured the sides and found one side was 
four and the other six. On the other rectangle he found one 
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side five and the other was also five. At the end of the 
class he still did not know how to find area even after 
having been successful in his findings. 
Rick, Ross, Tony and Allyson were able to reach the 
correct result by counting individual squares. Ross 
numbered each one after drawing them into the rectangle. 
Karl had the correct conclusion and the correct final 
answers but gave no indication as to how he had reached his 
decision. 
Desray came to the conclusion that both rectangles were 
the same size through some trial and error methods. She 
began with a ruler and decided that she could not find a 
solution and then used the inch squares. However, as she 
counted the squares there was evidence that she was not 
careful in keeping track of the number of squares that were 
used. Thus, the incorrect conclusion. 
Those subjects that chose to use the L-square ran into 
difficulty because they did not understand where the 
instrument should be placed in order to get the result they 
had already determined. The fact that they came to two 
different conclusions did not appear to be a problem to the 
subjects. As was noted in the original study, "In this 
activity the investigator is careful not to provide 
instruction on area, but simply to assess what the student 
knows" (Fuys et al., 1988, 47). 
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When other shapes were presented there wasn't one 
subject who could provide a method to find the area. Since 
the study had also provided for branching to "appropriate 
instruction" the decision was made to use geoboards for the 
following session. It was necessary to provide a 
manipulative that could help these subjects understand what 
square units were so that they could at least make an 
attempt to complete the module. Thus, the geoboards were 
used for Session 3 by all three classes. 
Very little was recorded by Class A for this session. 
The next day, after the material had been passed out, 
Class B was presented with the scenario of the gift box that 
needed to be wrapped. Again it was stressed that we wanted 
the most economical sized box due to the expense of the 
paper. The subjects used the inch squares and began their 
measuring. It was soon obvious that there was confusion 
between perimeter and area as many of the subjects were 
placing the squares outside the region. 
Paul wrote, "I learned how to do square units today. 
First, I think they will be equal. Then I changed. The 
square is (larger) because I measured a side and bottom and 
multiplied which meant square has more." However, he was 
measuring outside the region rather than inside. He was not 
alone. There was considerable confusion regarding the 
concept of area. 
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Colleen, Bob, Mary, Helen, Tommy, Hillary and Kurt all 
concurred with Paul. Their measurements took into 
consideration the perimeter only and their placement of the 
L-square was on the outside of the figure. When discussion 
took place later they were not convinced that they were 
incorrect. They were asked if it was the edge that had to 
be covered or the entire top. After some consideration, 
these subjects re-examined the problem and were able to 
arrive at the correct conclusion. They were able to 
determine that they had incorrectly placed the L-square and 
were actually making the figure larger than it should be. 
Corrine had originally measured the outer edge and then 
wrote, "A is bigger because it is wider. No, A is bigger. 
I measured from the outside rather than the inside." Leigh 
also changed her mind and side, "I measured the perimeter, 
not the area." 
Rosemary indicated that she understood the session, "We 
are doing measurement using squares and square units. This 
is something I understand." Then she added, "I've noticed 
since I've started jewelry making that it's so much easier 
to make triangle earrings than a very intricate design." 
"I was very interested in learning measuring squares," 
recorded Lorie, "A is going to need more because if you 
measure it out with squares A has 25 and B has 24." 
Kennetha also was successful with the area problem. 
"We could find the area of an object by measuring with 
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square units according to squares," and then added, "We just 
got jazz costumes for the recital and the pants have all 
kinds of geometrical figures in a design." 
As the subjects finished, many attempted to find areas 
of new regions on the back of the original sheet. However, 
when other shapes, a parallelogram, trapezoid and right 
triangle were presented, the subjects did not appear to be 
able to transfer the work they had done with the square and 
rectangle to other shapes. This reconfirmed the need to 
introduce geoboards in the next session to help examine and 
identify the relationships between the area of various 
shapes. 
The area problem was then presented to Class C two days 
later. With this group there were many strategies used to 
determine the region with the smallest area. Donnie 
thought, "The rectangle is the best one to cover because it 
is 24 square inches. The square is 25 square inches. I 
used the pieces to find out the measurement and by using the 
formula method." He multiplied correctly. 
Mike, Allen, Ruth, Tamara all incorrectly used the L- 
square to determine the size of the two figures, thereby 
increasing the size of each. When they were asked to 
double-check their results by using either rulers or the 
inch squares all decided that their original measurements 
were incorrect and then arrived at the correct conclusion. 
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Ardis stated, "I used a ruler and units to measure 
areas. I used the pieces and multiplied the number of boxes 
down by the number of boxes across and found the one that 
took up the least room. This one (used arrow to point) is 
the least expensive because it only covers 24 square inches 
rather than 25." Then she mistakenly added, "It's 1 inch 
smaller than the other box," rather than noting it was one 
square inch smaller. 
"I used the line pieces to find the area," noted Wanda, 
who actually sketched in a length and width. "I used the 
lines to get the remainder of squares in the top because 
they fit perfectly the bottom square. I measured two sides 
and then multiplied." Her understanding of the rule for 
area was substantiated by her work. 
Overall, the responses and the reasoning behind them 
were clearly stated and correct. However, the majority of 
the subjects were unable to find the area of the other 
shapes presented. 
Session 13 - Area of Parallelograms and Triangles 
As had been mentioned previously, the decision to 
extend the exploration of area through the use of geoboards 
became the framework for this session. The area of 
triangles was evolved from the area of a rectangle. Each of 
the subjects received a geoboard and four geobands with 
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which to complete the tasks. The investigator also used a 
geoboard on the overhead to display the various shapes. 
Through the use of points, various shapes were 
constructed which served as a reminder of three- and four¬ 
sided figures. Then, the idea of square units was developed 
from quadrilaterals and then triangles. 
Due to fortunate scheduling the sessions were 
videotaped. 
Class A let out exclamations of, "Oh, wow!" and "These 
are cool!" when the materials were distributed. The 
subjects were given a few minutes to experiment with the 
band and were given instructions on keeping one finger on a 
peg as the band was removed to prevent them from flying all 
over the room. Four geobands were enough for completion of 
all activities and the subjects were aware that they were 
accountable for four bands at the end of the session. 
The subjects were first asked to connect any three 
points on the geoboard with one geoband. They were asked 
what shape had been constructed. Karl replied that he had a 
triangle and held it up. Allyson was concerned since her 
band had "gone over" three pegs. She was reassured that 
there might be three pegs in a line, but no more. 
Jason called out, "I don't have a triangle. It's 
wrong." 
The instructions had left room for the possibility of 
having constructed a line. Jason had done just that. 
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The investigator asked, "What did I forget to say?" 
The subjects that had lines noted that nothing had been 
said about the points not being all on a line. They were 
then instructed to find one point not on the line and all 
were able to construct a triangle. Someone questioned if 
there was a wrong way to make a triangle and it was agreed 
that there was not. What they had considered wrong was the 
fact that their triangle did not resemble the equilateral 
triangle the investigator had constructed. 
The investigator then asked them to locate four pegs 
and construct a new figure. Karl was quick to respond and 
held it up for everyone to see. 
Rick claimed he'd made a boomerang. When asked if it 
had a geometrical name he replied, "Four-sided." Then 
someone decided it could be called a parallelogram but when 
no parallel sides could be found they settled on a 
quadrilateral. 
Ross had constructed a rhombus but continued to call it 
a diamond and the term rhombus was never used. 
The investigator then questioned whether anyone could 
construct a square with the measurements 2 units by 2 units. 
This information was repeated in the form, "Two sides by two 
sides, two pegs by two pegs." Desray responded, "That's a 
rectangle, not a square," and was asked if it could be both. 
Annie stated, "I see a cross." 
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The investigator then asked if the square could be 
divided by vertical and horizontal lines. Karl immediately 
noted there were four squares inside. The class agreed. 
When asked what we call the region that was inside the 
boundary Ralph replied, "Area.” 
The task was then repeated using a four-by-four square 
and there was some confusion as the region was constructed. 
When Allyson double-checked with Desray she said, "This is 
four-by-four." Desray disagreed and believed it was only a 
three-by-three that Allyson had constructed. 
Ted chimed in, "You can't do a three-by-three," and was 
immediately met with the response by many, "Oh, yes you 
can!" 
Neil was commended on the nice triangle that he had 
constructed but was reminded that it was not a three-by- 
three . 
When everyone had the three-by-three square on their 
geoboards they were asked to determine the number of square 
units inside. They were then required to take a second band 
and attempt to divide the shape in two. Neil, Ted, Chad and 
Dinah were commended for their success. 
It had previously been determined that there were 9 
square units inside the square and the subjects were then 
asked if they could determine the number of square units in 
each of the new parts. Allyson said, "Count every little 
square." 
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Ted verbally clarified the directions saying, "How many 
square units inside?" He then added, "They look like 
sandwiches." 
They were then asked if there was a way in which they 
could find the area of each of the triangles. They were 
reminded that the square was 9 square units together. "How 
would the area of the triangle compare to the area of the 
square?" 
Shawn responded, "4 points." 
Ross repeated, "9 square units." 
Adam added, "10 squares." 
The group was again reminded that they were to find the 
area of the triangle and were asked if the triangle had any 
relationship to the original square. "This is a bit more 
difficult." 
A board with the two-by-two square was again shown and 
the subjects agreed that there were 4 square units inside. 
Ross noticed that the triangle was half of the square and 
then said, "The triangle has two square units." It was 
agreed that the area of the triangle was "the square units, 
in half." 
The term base was then introduced when the class was 
asked to construct a triangle with the base of 3 units and a 
height of 4 units. Many in the class mis-represented the 
directions and wanted to know if their triangle was the 
same. The orientation was different, a base of four and a 
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height of three. The original triangle was again presented 
and they decided that the triangles were the same. Greg, 
Ralph and Adam held up their geoboards for approval. 
"How could we complete the rectangle?" was the question 
asked by the investigator. 
"I just had that," responded Desray. "It is three-by- 
four or twelve. Hey, it's six." 
Allyson had been working on her own geoboard and 
responded, "Twelve square units together." 
Shawn was not as easily convinced. He kept examining 
the geoboard and responded, "They are not square units 
'cause they're triangles." 
He was asked if he could see any complete squares and 
agreed he could see one. Desray got in on the conversation 
and said, "Yes, one Shawn." 
The subjects continued working quietly and kept re¬ 
examining their work. 
Shane finally resolved, "There are six square units." 
There was a pause in the filming as the class was 
reminded to settle down and work on their own geoboards. 
There had been some grabbing of geobands between Karl, Neil 
and Shawn. 
Their final example was a right triangle with a base of 
two and a height of two. Allyson responded, "Make another 
right triangle just like it." 
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Chad was able to express the total area as 4 square 
units and correctly concluded that there were 2 square units 
in the triangle. 
The subjects were then reminded to remove the geobands 
from the geoboards, keeping one finger on the peg to keep 
the bands from flying, which they were very successful in 
preventing. Finally, they were reminded to record the day's 
activities on the yellow sheets in their folders. There was 
very little evidence of writing. 
Tony simply stated, "We worked with geoboards and got 
recorded on it," while Greg admitted, "I don't know how to 
find the area of a shape." 
Ross sketched a parallelogram and rhombus and then used 
arrows to show, "We found half of this is this." He had 
divided each shape in half. 
For Shawn, it seemed to be a good session. "We talked 
about area today. I knew all of the things." 
Chad "had fun with geoboards" and Pat, Ted and Adam 
"learned to work with geoboards." 
Desray eluded to the fact that square units had been 
used. "Today we used geoboards and elastics and we were 
filmed. A lot of squares make up one shape." 
Word had spread that the class with geoboards would be 
filmed and Class B entered the room noisier than usual and 
many appeared to have stopped to comb their hair. 
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This class began as had the previous one. The subjects 
were required to find three points on their geoboards and 
connect them with a geoband. Kurt had to be reminded to 
begin with one band. 
They were then asked to hold up the finished product. 
"There are triangles," stated the investigator, "but, there 
is something else. Kennetha and Nancy have..." They 
responded, "A line." They were then asked to take one point 
off the line. Every subject then had constructed a triangle 
and then compared theirs with that of another subject. 
The second task they were asked to complete was to 
locate four points not on the same line. Joseph declared, 
"It's a square." When asked why, he received help from 
others who stated, "All sides same, congruent and four right 
angles." 
Brenda thought she had a kite and when asked if it had 
another name she replied, "Quadrilateral." 
Tommy questioned a trapezoid and again, received help 
from others in the class. Gilbert said, "It is a 
quadrilateral, special." Kurt was in agreement. He added, 
"Two sides are parallel and two sides unequal." 
Then they were asked to construct a square in the 
center of the geoboard. "If this was your yard and you 
walked around this yard it would be the," and the subjects 
responded, "perimeter." 
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When asked what was inside the boundary Gilbert 
answered, "Four square units, one, two, three, four." 
The subjects then divided the square in half. Mary 
responded, "Two square units, square units of a square. 
Yes. There are two triangles in the square." 
A base of one and a height of four was the next figure 
presented. The subjects got to work very quickly and 
quietly. When asked what the area of the triangle would be 
Kevin and Leigh quickly answered, "Two." Rosemary was not 
too certain but then decided on "Two and a little bit more." 
Billy had a plan. "Make another next to it, I think, 
five square units." 
"Oh," Brenda added, "there's four." 
David disagreed and stated, "Two." Lorie turned around 
and showed him her answer. They agreed that the triangle 
would be two. Kevin reminded them that "square units are 
marked off right inside." 
Next came a non-right triangle with a base of three and 
a height of four. David stated, "This is easy." 
Brenda found "Five—no, six." 
Helen agreed, "Yes, I got six." 
The investigator suggested completing the rectangle. 
"How many square units are inside the rectangle?" There was 
agreement that there were 12 square units in all and that 
the triangle would have 6 square units. Tommy saw one- 
fourth on each corner and a half and a half and then three 
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units on each side. He gave a thumbs-up signal when he 
realized that he was in fact correct with his reasoning. 
An obtuse triangle was then constructed on the geoboard 
by the investigator and the subjects were required to find 
its area. It was necessary for the investigator to move 
around the room so that the subjects could get a better 
look. There was much double-checking among the subjects 
before they set out to find the area. Kennetha changed her 
shape twice before deciding that it was correct. 
Lorie stated, "I can't get this right." Carolyn helped 
her while someone stated, "This is a bigger problem." 
There was a guess of one and a half and then three. 
Ginger wanted to know how you could squeeze three little 
boxes into that? 
The room became very quiet as the subjects remained on 
task and attempted to find a solution. There was a question 
as to whether triangles could be taken away and David 
interjected, "Yes, we may." 
They decided that if a rectangle was completed around 
the triangle there would be 8 square units. 
Gilbert and Nancy reached a conclusion at about the 
same time. Nancy stated, "It is 1 square unit" and went on 
to explain how she had found her answer. She had used the 
base-height idea and found that she could divide the answer 
by two. 
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Gilbert used the entire 8 square units and then began 
removing regions. "You can take two squares away. Then, a 
half and a half equals a whole. Then, there are four. So 
there is one square unit." 
Corrine added, "I was a half off." 
The subjects were reminded to remove the bands from the 
geoboards and return them to the box. As they were being 
collected the subjects were reminded to record their 
theories for finding area in their journals. 
Helen wrote, "There are many ways to find area. I did 
it by making another shape around the first, like this." 
She then sketched a triangle with the completed rectangle 
around it. 
In Fran's journal was written, "Today I realized how to 
find the area in geometrical shapes. You can do it by using 
bands and coming up [with] theories to go along with them." 
Mary wrote, "Today we found area using geoboards. I 
think to find the area of a triangle, you can make a square 
around it, see how many square units the part you aren't 
trying to find is, subtract it from the total area and your 
answer is the area." 
On the other hand, Leigh decided, "I didn't have an 
actual theory for finding area on the geoboard. It depended 
on the shape." 
Bob thought about finding the area of the triangles and 
stated, "Geoboards are awesome and the way I find square 
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units is make a square around the shape and divide that by 
two." 
"Today we worked with geoboards. I thought it was 
pretty easy to use geoboards to find area of object." 
Brenda summarized the session, "Well, today we worked 
with geoboards. We did this to find area and perimeter." 
Finally it was time for the 34 subjects in Class C to 
work with geoboards. There seemed to be much more confusion 
than usual getting the material passed out and it took 
longer than usual to get the subjects settled, perhaps due 
to the presence of the video camera and the knowledge that 
they were to be filmed. 
When the subjects were asked to locate three points and 
connect them with a geoband, approximately half of the 
subjects produced a straight line. Arthur seemed almost 
apologetic when his geoboard contained a straight line 
instead of the triangles produced by those seated around 
him. When he saw others in the room had also constructed 
lines he produced a half-smile. 
The subjects that had lines were then requested to find 
one point that was not on their line and then to determine 
the type of figure that had been produced. There was 
agreement that many types of triangles had been constructed. 
Rose noticed that hers was the same as Allen's. Others 
compared their results with those sitting nearby. 
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Next, they were asked what would be formed if four 
points were connected. Mel and Ruth agreed it would be a 
square while Donnie thought it would be a rectangle. 
John stated he didn't have either of those and when his 
geoboard was held up the class was asked how the shape could 
be classified. Ruth was the first to note it was a 
quadrilateral and all agreed that was the only term that 
could be used to describe it. 
Lois was asked what she had constructed and she 
identified it as a rhombus. When her guess was confirmed 
she replied, almost in disbelief, "It is?" 
The class was then asked to construct a two-by-two 
square and most had no difficulty. The subjects were 
reminded to think of another shape that could be formed 
within the area that had just been found. There were many 
geoboards held up to "see." Arthur looked to make certain 
his square was the same as the others around before holding 
his up. It was agreed that again square units were needed 
to report this relationship. 
"Now," they were asked, "if the band is the boundary of 
your property and you walk along it, what would we call that 
line?" Many of the subjects responded, "perimeter." Again 
there was agreement that this was the proper term and 8 
units was the agreed upon measurement for the perimeter. 
The subjects were then asked to determine the area of one 
triangle within the rectangle. Two square units were agreed 
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upon for that measurement. Ruth exclaimed, "Oh, I see it. 
You just have to take half of the rectangle." others held 
up their geoboards in confirmation. 
As the investigator walked around the room it seemed 
apparent that the subjects understood the relationship 
between the area of a rectangle and each right triangle 
contained within the boundary. They were then asked to 
construct a triangle with a base of two and a height of 
four. John said, "I get it now. You just multiply the two 
sides and then take half." 
The subjects used their journals to record their 
findings that the area of the right triangle would be half 
of the area of the rectangle. 
A final exploration of the area of non-right triangles 
was explored to determine if the rules would remain the 
same. You would still need a height and a base to determine 
the area. Ginger was not specific when she recorded, "I 
learned that the area of a triangle is half of the space." 
The space was not identified. Donna, meanwhile, wrote, "I 
can only find the area one way," and did not elaborate. 
Bobby appeared to work successfully with the geoboard 
and did not seem to have any difficulty. Yet, his journal 
entry indicated, "We did some angles and guessing the 
relationships between ideas of triangles—did not understand 
class today." Paul also agreed, "I'm lost." 
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Cissy wrote, "We did area today and it is easy." The 
majority of journal entries for the day did indicate that 
there was an understanding of the concept of the area of 
triangles as they relate to the area of a rectangle. 
Session 14 - Area of a Rectangle 
The summation sheet to determine the area of a right 
triangle from its relationship to a rectangle was a 
continuation of the previous session. This time the 
subjects were presented with three situations. The first 
diagram was a right triangle, with measurements given, 
followed by a congruent right triangle with the rectangle 
completed with dotted lines. The second and third triangles 
had the base and height given. To complete the chart the 
subjects had to identify the base, the height, the area of 
the entire figure and finally the area of the triangle. 
Upon completion of that activity the subjects received 
a map outlining city blocks. Included were triangular 
blocks, rectangular ones, a parallelogram and trapezoid. 
The subjects were to determine the area of each of the 
regions. No measurements were given. 
At the end of the session the subjects were asked to 
explain to a friend, over the phone, how area could be 
determined for a triangle. 
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The first part of the session went quite smoothly as 
the subjects in Class A examined the right triangles and 
were able to determine the relationship between them and the 
total area of the completed rectangle. As Adam wrote, "I 
learned about shapes and their relationships.” He correctly 
computed the area but neglected to label in square units. 
Allyson, Ted, Lucy, Pat, Carole, Greg and Desray 
experienced no difficulty determining the area of the 
triangles by first noting width, height and the total area 
of the rectangle. 
However, they were then given the map of various shaped 
city blocks and had to provide the measurements themselves 
and then determine the area of each. 
Chad wrote, "I remembered my shapes.” Then proceeded 
to attempt to find the correct area. He was only able to 
complete one, the right triangle. That was done correctly 
and labeled with square units. 
While Pat was able to describe, through the telephone 
conversation, how he went about determining the area, he 
neglected to take half of the area for the triangular 
region. "I measured lots A, B and C. For lot A I got 2 
inches by 2.5 inches. I multiplied. Then for lot B I got 
1.5 by 1.5 and I multiplied. I got 2.25 inches. The lot 
for C was 2.2 by 2.25 and multiplied then 6.25.” He also 
had difficulty with measurement and multiplication. 
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Rick took the easy way out when he was to explain over 
the phone how he could find the area of various regions. 
"Is Mark there? No? Ok, bye." He also recorded only 1 1/2 
square units for lot A and neglected to explain why. 
While Dinah had the idea of what to do to find the area 
of a triangle, she did not appear to understand when she had 
actually found the answer. "You find area by for example 
take half of a triangle and then the other half of it and 
add that together. Then subtract half of that. Then you 
get your answer." She noted, "Today we described area. We 
acted like we were on the phone and we had to describe in 
our own words." 
Many of the subjects were absent for one or more of the 
days of the study. Lucy acknowledged that as she noted, "To 
find area you must tell how big the ruler is and then tell 
what the shape is and measure the corners. I don't really 
understand. I wasn't here Tuesday." 
Although the subjects appeared to be on task throughout 
the session, it was apparent, as the investigator moved 
about the room, that they were experiencing difficulties. 
Some of the subjects were willing to guess at the answers of 
the area of parallelograms and trapezoids, though they were 
not correct in their assumptions. 
The following day the subjects in Class B had the 
opportunity to determine area of triangles from their 
relationships to rectangles. The first sheet of three 
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triangles was presented and the subjects were required to 
determine the area of the triangles. 
Not only did the subjects have very little difficulty 
with the area of the three right triangles that were 
presented, they asked if they could do their own in the 
space that was left at the bottom of the sheet. Most of the 
subjects, like Bob, completed the extra task using larger 
numbers. 
The subjects were then presented a map with various 
shaped blocks outlined. Corrine noted in her journal that 
"Today we did a telephone conversation and told the person 
how to find the areas of lots A, B and C." However, she did 
not follow her own ideas. "Multiply the height and width 
and divided lot A by 2 because it was a triangle and there 
are two parts." Her results were incorrect as she doubled 
her answer. 
Carolyn also made the exercise more difficult than she 
had successfully done on the sheet of right triangles. "For 
lot A you just measure the sides of one of the triangles. 
Double the measurement and subtract the two 2.5's. Then you 
multiply 1.5 and 3 and that's the area." When the class 
went over the answers at the end of the session she noticed 
that her conclusions were incorrect. It was suggested that 
she return to the sheet of right triangles and examine the 
steps she had used. 
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"It's kind of hard to use square units but it's fun," 
according to Rosemary. "I measured units A, B and C with 
measuring tools. Then I multiplied the base and height." 
None of her answers were correct. She, too, was instructed 
to return to the sheet of right triangles to determine how 
she had arrived at the correct answers. 
Tommy was able to find the measurements for all three 
of the lots. "First you find the measurement in linear 
units for the object. Measure the base and length and make 
an imaginary replica of the object and multiply it by two." 
For the square he stated, "Find the measurement of one side 
and multiply by 2." 
"Hello, when I found the area of lot A I measured the 
length then width. After they were measured I multiplied 
them together dividing the answer by 2 because it was a 
triangle." That was the method used by Leigh. "Lot B 
multiply the length by width." 
Billy was one of the subjects who attempted to find the 
area of the parallelogram by removing a triangle from one 
side and replacing it on the other. Kennetha stated that "I 
figured out that shapes with a slant, if you rearrange or 
cut part off and place them someplace else you can find the 
same answer—only easier." However, she did have trouble 
with area of lots. "If you measure a square you get 4 
square units and divide that in half you get square units." 
However, it wasn't a square. 
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Nancy found that "different ways to find areas of 
different shapes" had been used. On the map, "In order to 
find lot A and B you measure only the amount of space you 
want. Then times length and width." She neglected to take 
half for a triangle. 
David had difficulty with the lots on the map. To mask 
his difficulties his telephone conversation stated, "Here 
are the measurements, do them yourself, click." Kurt had 
completed the areas of right triangles but also was unable 
to determine the areas of the lots on the map. He did some 
doodling but had no answers. 
"Today I messed up," wrote Fran. "I don't know what I 
did but I messed up and am very confused. Base times height 
but I messed up the map." Her problem originated with the 
sheet of right triangles when she recorded the area of the 
whole shape under triangles and then reversed the area of 
triangles. 
The session ended before some of the subjects had 
finished. 
Class C then had the opportunity to examine the 
relationships between right triangles and squares and 
rectangles. The map activity ended the session. 
The subjects in this class were able to complete the 
designated areas of right triangles with little difficulty. 
Lois neglected to use the term "square units" when reporting 
area, but the other subjects recalled the correct notation. 
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Lisa was able to complete the area of the first three 
lots on the city map and explained, "First take base and 
height and multiply them. Then I divided the number in by 
two for triangles. For rectangles and squares just multiply 
the base and height." 
Bobby and Mike got into the spirit of the telephone 
conversation as they wrote of speaking to study partners. 
Bobby noted, "Hi, is Ed there? Did you do the math? So you 
measured A which was 1.5 x 2. Then you divided by 2 for the 
area of the triangle. Then the same with the rest except 
for you don't divide by 2 'cause they aren't triangles. 
Yup, I don't know wait, no I have to do the dishes. See 
you." 
Then Mike added, "Hey, pal of mine, how's it going? I 
just had to tell you that to find the area of a triangle you 
do half the base times the height and for a rectangle just 
length by width." 
Janine showed a practical application of geometry when 
she wrote, "There are many different uses for geometry. It 
could be used to find distances and for areas where a house 
is going to be built. To find the area of lot A I measured 
1 x h to get area. I used the triangle." 
"I learned that an area of a triangle is half the 
space," recorded Ginger. "I recently found the measurement 
for those lots A, B and C for a big client. All I had to do 
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was multiply length by width." She neglected to find the 
area of the triangular lot. 
There were also city blocks in the shapes of 
parallelograms and trapezoids. None of the subjects 
attempted any of the additional shapes although some of the 
subjects had investigated parallelograms on their geoboards. 
Session 15 - Family Tree - Area 
The study ended with a modified Family Tree used to 
show the relationship between the area of various triangles 
and parallelograms. 
Class A was very aware that this would be the final day 
to participate in the study of geometry. There were mixed 
comments as the folders were being passed out. Overall, 
there seemed to be a continued interest and anticipation 
although a few minutes of class time was wasted as pencils 
either had to be found or sharpened. As a group, this class 
was frequently less prepared to work than either of the 
other two. 
The Family Tree sheet was passed out accompanied by 
four identification cards. The subjects were required to 
determine how the area of the two triangles was related to 
the area of a parallelogram and a rectangle. 
Annie made associations by the number of sides. "They 
have three sides," accompanied the arrows between the two 
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triangles. The arrows that connected the two parallelograms 
were labeled "parallel lines and both have four sides." 
There was no relationship indicated between the triangles 
and the quadrilaterals. She appeared to be more concerned 
with the attributes of the shapes rather than the 
relationship of their areas. 
Ralph drew the shapes into the rectangular boxes and 
declared, "I don't want to do anymore." Even with 
encouragement he added nothing more. 
Allyson also did a nice job of constructing the four 
shapes within the rectangles but, her associations were 
shown by arrows without any explanation. The two triangles 
were connected and then the right triangle was connected to 
the parallelogram which was in turn connected to the 
rectangle. Thus, it was unclear just what relationships 
were being identified. The responses of Neil, Chad and Adam 
were similar to Allyson's and also were not supported by 
explanations. 
Ross showed an understanding of the relationships 
between the areas by constructing another triangle and then 
connecting the shapes. As an example, "The area of a right 
triangle, half of this," with an arrow going to the 
rectangle. He also noted, "They are both at right angles." 
He constructed a triangle, drew in the other triangle to 
complete the parallelogram and said, "Three sides, half of" 
and drew an arrow to the parallelogram. He also indicated 
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that the triangles had three sides and the quadrilaterals, 
four. 
There seemed to be a weak response from Karl who noted, 
"Because they look almost the same." Arrows appeared to be 
placed haphazardly. 
Tony, Pat, and Dinah neglected the idea of the 
relationship of the areas of the shapes and simply placed 
the triangles together and the quadrilaterals together. 
It took nearly the entire session for the subjects to 
complete this task. However, just prior to the end of the 
class the subjects were asked to record any previous 
experience they had with geometry in school and then to give 
an evaluation of the geometry sessions in which they had 
just participated. These comments appear in their entirety 
in Appendix I. 
As they had done from the beginning of the study, Class 
B entered the classroom prepared to work. The recording 
sheets were passed out, along with the identification cards. 
The subjects received the instructions to use the triangle 
and quadrilateral cards to show relationships between the 
areas of the two shapes. Arrows were to be drawn and 
explanations given. 
The subjects studied the shapes prior to filling in 
their recording sheets. They were reminded to look for 
family relationships between the shapes being examined and 
the areas of those shapes. 
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As the journals were examined, it was evident that many 
of the subjects either did not understand the directions or 
neglected to use them. Many of the subjects also noted 
incomplete relationships between the shapes. As an example, 
Lynda recorded, "Because a rectangle can be a parallelogram 
if you tilt it—a parallelogram can be a triangle if you cut 
it in half. A triangle can be a right triangle if it is cut 
in half and a right triangle can be a rectangle if it is cut 
in half." She did realize that there was a relationship 
between the triangles and the quadrilaterals but seemed to 
reverse those relationships. 
Helen, Jay, David, Kurt, Rosemary and Bob had arrows 
going in many directions but did not include any 
explanations to substantiate their choices. Their 
connections seemed to relate the right triangle with the 
rectangle and the obtuse triangle with the parallelogram. 
However, they also connected the triangles with arrows and 
the parallelogram and rectangle were connected. 
Tommy explained, "Because if you add on to the shape it 
becomes a rectangle." Then he had arrows making every 
connection possible. 
Many of the subjects lost sight of the task that they 
were attempting to complete. They were able to identify 
some of the relationships but neglected to note them in 
terms of area. Fran wrote, "I put parallelogram and the 
rectangle together because they both are quadrilaterals. 
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Put the triangles together—both are triangles. Right 
triangle with the rectangle because both have a right 
angle." Attributes were noted but, not in terms of area. 
A confusing response was given by Carolyn when she 
noted, "Because you could get each shape out of each shape. 
For instance, you could get a parallelogram out of a 
rectangle, you could get a triangle out of a parallelogram 
and a right triangle out of a triangle." The arrows 
connected the rectangle to the parallelogram and the 
parallelogram to the obtuse triangle and then to the right 
triangle. She did not specify the relationships of areas 
between the figures. 
Sondra stated, "I put the arrows there because there 
are two right triangles in a rectangle and a right triangle 
in a regular triangle and a triangle in a rectangle, a 
triangle is half a parallelogram." There was evidence that 
she was able to express an understanding of the areas of the 
triangles and the quadrilaterals. 
Although Paul had little to say he did note, "A 
triangle is half of a parallelogram." Brenda was also brief 
with her response but did record, "A rectangle is a 
parallelogram and has a right angle. A triangle—right 
angle is a triangle and it is half of a parallelogram." 
The subjects ended the session with their evaluation of 
the study and what previous experience they had with 
geometry. 
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Class C entered the room aware that it would be their 
final day of the study. They too completed the final Family 
Tree and were also requested to complete an evaluation 
statement when finished. 
Susan recalled, "I remembered how to compare different 
shapes. A rectangle has four sides and four corners like 
the parallelogram and vice versa. A right triangle had 
three sides and three corners like the triangle and vice 
versa. Two right triangles fit into rectangles. Some 
parallelograms and triangles don't have a right angle." She 
was able to correctly connect the shapes. 
Allen found the first relationship was the number of 
sides. He connected the rectangle and the parallelogram and 
did the same for the two triangles due to their number of 
sides. He then connected the right triangle with the 
rectangle because "half of a rectangle is a right triangle." 
Though he did say that "a parallelogram is just a slanted 
rectangle." 
"I placed the rectangle with the parallelogram because 
it has two sets of parallel sides. I placed the rectangle 
with the right triangle because they both have right angles. 
I placed the right triangle with the triangle because both 
have three sides and I placed the triangle with the 
parallelogram because neither of those shapes have a right 
angle," noted Mel. 
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Betty also was able to explain the placement of arrows 
to show a family relationship. "I drew arrows from the 
rectangle to the parallelogram because the areas are equal 
(you can find them the same way) and each have two pairs of 
parallel sides. I drew an arrow from the area of a triangle 
to the parallelogram because a triangle is half a 
parallelogram. I drew an arrow from the right triangle to 
the triangle because you measure area the same in both." 
She also placed an arrow between the right triangle and 
rectangle because, "Two right triangles make a rectangle." 
The arrows on Cleo's diagram reflected, "Every 
rectangle is a parallelogram. Every right triangle, every 
triangle fits into a rectangle—every rectangle contains a 
right triangle." 
Lois included two broken lines in her parallelogram to 
indicate what occurs if one side is removed and rotated onto 
the other side, "Same area if you do this." She noted the 
right triangle was one half of the rectangle and that both 
had right angles. The other triangle was not included in 
any relationship. 
Megan indicated that, "Two right triangles = a 
rectangle. They fit into one another [referring to the 
relationship between the rectangle and the parallelogram]. 
The parallelogram is 2 times the other triangle." 
There were incomplete explanations from Rose, Patrick, 
Paul, Lona and Bobby. 
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At the end of the session the subjects were asked if 
they had ever studied geometry in school and if so, when. 
They were also asked to evaluate the experience they had in 
this study. These responses are included in the analysis of 
data in Appendix I. 
CHAPTER 5 
ANALYSIS AND VALIDATION OF THE STUDY 
The thread that runs through these 
procedures and techniques for verifying 
and validating qualitative data is their 
dependence on the intellectual rigor of 
the evaluator...A qualitative analyst 
returns to the data over and over again 
to see if the constructs, categories, 
explanations and interpretations make 
sense, if they really reflect the nature 
of the phenomena. Creativity, in¬ 
tellectual rigor, perseverance, insight 
—these are the intangibles that go 
beyond the routine application of 
scientific procedures. 
(Patton, 1980, 339) 
The volume of material generated in this qualitative 
study dictated that the evaluation process begin im¬ 
mediately. Each subject's journal was read, on a rotating 
basis, throughout each Module. Notes were taken from each 
subject's responses for every session. This provided the 
investigator with all of the data for any lesson for each 
class in an organized and accessible format. The in¬ 
formation was continually being evaluated according to the 
van Hiele descriptors. 
It will be noted that there are inconsistencies in the 
number of responses for each class which was due to 
absences. Material used in class was set aside for each 
absent subject which was to have been completed if possible. 
However, no specific time was allotted for make-up. Two 
subjects who were placed in in-school suspension did receive 
175 
176 
the treatment during the planning periods of the in¬ 
vestigator for the sessions they missed. 
The responses were again analyzed at the end of the 
study to investigate general trends in the thinking levels 
among the subjects in each of the three classes. These 
results will be discussed in more detail later in the 
analysis, accompanied by three tables of comparative 
information. 
In order to validate the findings of the investigator, 
a colleague was chosen to read and score the journals 
independently. This second reader analyzed five randomly 
selected journals from each class for each of the three 
Modules to obtain a representative cross section of 
responses. Thus, 45 of the journals were read by both the 
investigator and the validator. 
The validator was given the van Hiele descriptors 
developed at Brooklyn College for The Project. An initial 
session was devoted to familiarizing the validator with the 
descriptors. A sample of each class activity was provided 
to clarify each session and to give the validator a point of 
reference. 
The results obtained by both readers were compared only 
after the investigator had determined the van Hiele levels 
for all subjects. In the original study, The Project, the 
teachers were required to view videotapes of the subjects as 
they were interviewed throughout the Modules. "An analysis 
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of the teachers' responses relating to assessing students' 
level of thinking videotaped segments when compared to the 
assessments of project evaluators (staff and consultants) 
showed an 87% agreement" (Fuys et al., 1988, 154). 
Overall this study produced a 90.6% level of agreement 
between the findings of the investigation and the validator. 
Furthermore, there was at least an 88% consensus level or 
above on each of the three modules. 
In Module 1, there were 111 responses from which there 
was agreement between the readers on 98 responses. This 
produced 88% agreement, the lowest on any module. The 
disparity in judgment involved the responses of 6 subjects 
with four of the responses centering on the task of guessing 
a shape as it was uncovered. When the two readers had the 
opportunity to compare their assessments, both agreed that 
the responses were still questionable. 
Thirteen of the subjects from Class A were assigned to 
Group I. They followed the trend of subjects in The Project 
in that they were below grade level in their standardized 
mathematics test scores and reported having little or no 
prior geometry experience. Their geometry language was weak 
and inconsistent, and the subjects frequently sketched 
shapes rather than writing to justify answers. Although 
there was infrequent movement to Level I thinking, this 
group was generally categorized as examining shapes by a 
single attribute and were usually unable to transform 
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knowledge gained in one lesson to the next. The subjects in 
Group I are characterized in Appendix G. 
In looking at similarities and differences of shapes 
Annie noted, "They look alike because they both have a point 
on the top." Later, during the uncovering shapes activity 
she guessed that the shape would be a triangle and then 
justified her answer by stating, "Because I didn't see all 
of it yet." She had little or no carryover from one lesson 
to another. In her evaluation on the final day she wrote, 
"I never did geometry before because I did not like it. It 
was boring." 
Pat described a shape as being a kite, "Because it 
looked like it." This was the most freguently noted answer 
for questions presented to the subjects generally operating 
at Level 0. They examined the shape in its entirety, 
neglecting individual attributes. 
Adam, when asked to identify shapes in the initial 
sessions, identified rectangles as "long squares" and 
"squares," which were correctly identified as being squares 
"because they all have equal amount sides." There was no 
association of shapes noted in Family Trees. 
Orientation of shapes did not appear to be a problem in 
the original activities which asked the subjects to identify 
rectangles, triangles and squares. They were universal in 
their definition of a rectangle, though, in stating, "Two 
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sides are long and two sides are short." Thus, squares were 
eliminated in the set of rectangles. However, in 
identifying squares Ralph, Pat and Neil wanted the square to 
have "equal sides" and thus included a non-square rhombus in 
their set. 
Karl described the free sort as "awesome." He did note 
that it was the first time that he had ever done geometry 
and that it is "cool." However, he also admitted, "I don't 
understand the words. Geometry is special in the way we do 
shapes. It's o.k. now that I understand. It is because I 
see all kinds of shapes." He was beginning to relate 
geometry to his world outside of the classroom. 
They made an attempt to show sub-class relationships 
but either neglected to use arrows to identify relationships 
or had so many arrows that it was difficult to distinguish 
just what they were thinking. 
Dinah summarized the experience in her journal by 
writing, "This is the only time I have ever done geometry. 
I think that it is fun because we learn new activities. We 
wrote this on our paper so we could look back on our 
geometry lessons. Geometry is a part of life." 
The two subjects from Class B had both tested at the 
H.S. level on the standardized test and yet both had 
difficulty on all sections of the study. In his description 
of the rectangle Bob noted, "They each had two equal long 
sides and two equal short sides." During the Guessing Game 
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of uncovering shapes he showed an inability to justify his 
guesses and was also inconsistent in his thinking process. 
For the second shape he first thought it might be a 
triangle. When three angles were visible he was sure "it's 
a rectangle.” This was his only justification, even though 
one visible angle was not 90 degrees. 
Bob noted he had "learned geometry about two years ago, 
but I liked this way better." 
David also registered test scores much higher than his 
performance on any of the segments. Throughout this study 
he neglected to substantiate most of his answers. When 
David did provide reasoning it was frequently incomplete. 
When asked to sort kites and then give an explanation of a 
kite he was able to identify two out of three kites and then 
described them as "basically a diamond shape." 
Lisa and Lynda were the only two from Class C that 
consistently operated at Level 0 thinking. Both had high 
school level reading scores on the C.T.B.S. test, and above 
grade level on mathematics. Both reported they had done 
geometry in previous years. Both were vague in their 
descriptions of squares and rectangles. On the sort 
activity to determine likes and differences of shapes with 
parallel and non-parallel sides everything with parallelo¬ 
grams, including triangles. 
As with many of the responses with the first group of 
subjects in The Project these subjects had "difficulty 
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attributing a property to a group" (Fuys et al., 1988, 84). 
There was a great deal of fluctuation between individual 
responses. The subjects in this group appeared to have a 
very poor command of geometry vocabulary and most responses 
were very brief. Many subjects neglected to give reasons 
for their selections. 
There was agreement on the van Hiele thinking levels 
for 95 of the 103, or 92%, of the responses analyzed by the 
two readers for Module Two. The largest proportion of 
subjects, though operating at Level 0, were in various 
stages of making progress toward Level 1 van Hiele thinking. 
All of the subjects from Class A had tested below grade 
level in mathematics and yet six of them were able to attain 
movement from Level 0 to Level 1 throughout the study. 
Allyson was the only one who acknowledged having geometry in 
prior years but, "It was different." 
Although their standardized test scores were generally 
less than those of others in Class A, this group of subjects 
tended to remain on task longer and follow directions to 
complete the activity. They had to be reminded less 
frequently to get to work and would make an attempt to 
answer questions. As with subjects in The Project, they 
"used newly learned concepts to describe shapes and 
formulate properties for some classes of shapes, tended to 
be more verbal," and "also reported little background" with 
geometry (Fuys et al., 1988, 88). 
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On the third day of the study Ross wrote in his journal 
that he didn't know what the word congruent meant, but then 
answered himself the next day. "I found out it is the same 
size and shape." He noted he liked to do things with 
shapes. 
Ted demonstrated a deficiency of geometry vocabulary 
when attempting to identify shapes in the pictures of 
buildings. He finally settled on the idea that there were 
parallel lines and left it at that. By the time he 
completed the Family Tree activity at the end of the Module, 
he noted the quadrilaterals had four sides and correctly 
identified its relationship to a rectangle, square and kite. 
He also noted that the rectangles had right angles and 
correctly identified a square as a rectangle. 
In the initial identifying activity Chad characterized 
squares with "four sides" and included all quadrilaterals in 
his selection. He did have difficulty discovering the shape 
that was uncovered, but was able to complete the Family 
Trees correctly, noting the relationship between right 
angles in distinguishing rectangles. 
Shawn originally thought squares were shapes with four 
sides and included parallelograms and trapezoids in his 
selection. By the time he did the directed sorting activity 
he had correctly incorporated "parallel sides" and "right 
angles" into his descriptive vocabulary. He was very 
careful to note correct relationships in the Family Tree. 
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It is difficult to predict whether there would have 
been additional growth if the subjects had consistent 
attendance. This continued to be a problem throughout this 
study for this class. 
The majority of subjects from both Classes B and C were 
clustered in Group II. Their math test scores were 
generally higher than those in Class A, Group II, going from 
grade level to H.S. Like those subjects from Class A, time 
spent on task was generally longer than that for their 
counterparts in Group A. Their responses were more complete 
and they tended to use fewer sketches and more verbal 
explanations in their responses. They were generally able 
to identify minimum properties when given cue cards and were 
likewise successful in the Family Tree activity. 
Gilbert was able to progress from "pointy corners" in 
his descriptions to responses in the three categories of the 
directed sort, "four sides, four angles" for the first 
group. The second group consisted of shapes with "one pair 
of parallel lines, four sides and four angles." The third 
group contained "four angles, four sides, two pairs of 
parallel lines." When asked to place the triangle he 
correctly placed it in Group A, but continued to call the 
group quadrilaterals although he did acknowledge that the 
group also had no parallel sides. 
Paul, Lorie, and Helen also neglected to take into 
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account that the number of sides for the first group was 
irrelevant. 
Kevin's phone conversation indicated that he had a 
general understanding of a parallelogram but his explanation 
would exclude rectangles. There are "one pair of opposite 
sides slanted in the same way but are parallel. The other 
are two straight sides that are parallel." He had begun to 
observe attributes, but had not yet been able to generalize. 
For the same activity, Billy noted, "A parallelogram 
has 2 sets of parallel lines. Opposite sides are 
congruent." Then he added the questionable statement, "When 
stretched out it resembles a rhombus," weakening his Level 1 
response. But this response typified the movement these 
subjects were making from one level of thinking to the next. 
The trend to move from one level to another within the 
same activity was also apparent in Class C. Bobby stated "A 
kite can have 4 sides. They can be equal or unequal. The 
angles can be the same on opposite sides," and then added 
"not always." 
Donna's response was similar to those in the other two 
classes who noticed the kite had the shape of a "diamond." 
She then attempted to be more specific in stating, "It has a 
point like a triangle [reverting to Level 0, shape] but it 
has four sides. Both sides have to be equaled out, weight." 
It is unclear what she meant in the final statement. 
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Lois also equated the kite with a triangle, "Kites are 
a triangular shape. They have two sides the same as the 
other two." 
Tamara found in the directed sort that in the first 
group, "All lines on each shape are different lengths." The 
second group were "all trapezoids" and the final group "all 
the lines appear to be the same size on each separate shape. 
Also, there are four lines and points." Again, she 
demonstrated the fluctuation in thinking indicative of this 
group. 
The third group of subjects were in various stages to 
Level 2 thinking, whereby interrelating properties and rules 
previously discovered led to an ability to give informal 
arguments. All of the subjects in this group scored at the 
high school level on their standardized tests, although 
there was not consistency in the amount of time they 
reported doing geometry in previous years. Mel wrote, "This 
geometry unit was really a review for me. Last year we 
spent more than half the year doing geometry. Some 
activities were different but it all led to the same stuff." 
Janine didn't think she had studied geometry. "I have 
never studied geometry before so I don't know all the 
shapes. Last year we worked with rays and radius but I 
don't know if that has to do with geometry." 
Kennetha's phone conversation describing a 
parallelogram was reflective of responses of this group. 
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"A parallelogram has four sides and four angles. The 
opposite sides are parallel and congruent." 
Cissy was representative of the type of responses found 
in Group III. She recorded her thoughts throughout the 
Guessing Game when the shapes were slowly revealed. She 
noted her awareness of the number of sides and the types of 
angles as they appeared. She was aware of right angles and 
parallel lines and eliminated triangles when she noted there 
were two right angles. 
As a group they were reluctant to eliminate unnecessary 
properties and tended to include more than minimum 
properties for squares and parallelograms. They appeared to 
confuse this direction with asking for everything that could 
be said for a figure. 
They easily completed the Family Tree activity. 
There was agreement on the van Hiele thinking levels 
for 95 of the 103, 92%, of the responses analyzed by the two 
readers for Module 2. While the first module had focused on 
shapes and their properties, the focus of this module was on 
angles and angle measurement. 
The first group of subjects was able to follow 
directions to construct parallel lines and identify angles 
of the same size by coloring them in. The differences in 
response levels became apparent when asked to explain why 
certain angles were the same size. They were unsuccessful 
in any if-then situations whereby the combination of "saws" 
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and "ladders" required the subjects to identify these 
relationships. 
When asked which wedge would complete a circle, the 
choice was accompanied by the common Level 0 response, "It 
looks like it does." Although Annie examined it in a 
numerical sense by saying, "Divide the circle into sevenths. 
I have chosen this piece because it fits correctly and there 
is 1/7 missing." 
Lisa and Lynda typified the responses of the group in 
the activity to develop the idea that there are 360 degrees 
in a circle. Lynda completed the activity and noted, "I see 
no relationship." 
Dinah noticed that when making the circle, "I had to 
use four angles with four colors." But, she did connect 
that relationship to the total number of degrees in the 
quadrilateral. 
Bob and Lisa arranged the quadrilaterals with overlaps, 
which did not seem to bother either. As Lisa wrote, "If you 
put angles with different colors together in different 
positions, the shape will become totally different. If you 
put all of the same color in the center it would mostly come 
out the same." 
The Family Tree summary sheet for this module proved to 
be much more difficult for all groups than that for the 
first module. One explanation might be the lack of 
experience with geometry beyond the basic shapes for the 
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subjects, along with their lack of experience with angles 
and angle relationships. Again, either the arrows were used 
haphazardly or not at all. Group II subjects showed 
progress toward Level 1 thinking. There were not many Level 
2 responses. Group I continued to function at Level 0 for 
Module 2. 
When asked to explain why opposite angles in a 
parallelogram were congruent Mary gave a Level 2 response. 
"Angle A = angle B because if you use a ladder and then a 
saw you will see that the angles are congruent. If you draw 
another saw from angle B to angle C, they are also 
congruent." 
Joseph explained "Angle 1 = angle 2 because they make a 
ladder and are congruent." While Paul also explained, "I 
figured this one out by connecting a to c by using a ladder 
then I connected c to b by using a saw." 
The subjects in this group had completed the individual 
saw and ladder activities with little difficulty. They were 
consistently able to identify each pattern individually and 
the combination of patterns in most situations. Their 
explanations were sometimes weak, but they did attempt to 
justify their answers. 
During the Family Tree summation activity many of the 
subjects were able to make some of the connections. The 
connection of a straight angle measuring 180 degrees to the 
sum of the angles in a triangle was most often correctly 
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noted. However, the "saw" or "ladder" connections were 
often neglected, as was the relationship to the sum of 
angles in a pentagon. 
The third group again was consistently more verbal with 
their responses and used more appropriate geometry language. 
Kennetha shaded in the angles prior to the proof of angle 1 
equals angle 2. She then explained, "In the first question 
angle 1 equals angle 2 because if you use the ladder, angle 
1, x and the blank angles are equal. Then, if you make 
another ladder next to it, if the two blank angles, and 
angle 2 are equal then they're equal. You could take the 
two ladders and overlap them and then both angle 1 and angle 
2 are also equal." 
Mel enhanced his written explanation with a color coded 
explanation of angle relationships. Through his proof he 
went on to explain, "Angle 1 = angle 2 because this figure 
is a ladder. My reason behind this is the ladder. Look at 
the figure, opposite angles are equal." He went on to 
explain that was also "because opposite sides are equal and 
all angles are opposite." 
Gretchan noted the missing piece B would complete the 
circle. But, she then went on to note, "You can use a 
protractor to check and measure your choice. Also we could 
use a ruler or cut it out and place it on the shape." As 
with the others in this group, the subjects clarified their 
answers. 
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Cissy's Family Tree was correctly completed showing a 
relationship between the "saws" and "ladders" and 
acknowledged the connection between the sum of angles in a 
quadrilateral, a triangle and their relationship to a 
pentagon. 
Although Group III also experienced fluctuation from 
one level of thinking to another as they completed the 
module, it appeared that they more frequently justified 
responses. Their fluency with the language of geometry, 
although not always precise, was continually being 
incorporated into their responses. 
The concept of area was the focus of Module 3. Class A 
began the module with the other two classes, but it was soon 
apparent that they would have difficulty keeping up with the 
pace of the study. Since they had been included in the 
study a decision was made to take them through as many of 
the activities as possible. But, as the frustration level 
increased, the last two sessions were devoted to material 
already covered. Also, each of the sessions took longer 
than had been anticipated for all three of the classes. 
For Module 3 there was a 91.8% response agreement, 
though it was noted by both the investigator and the 
validator that the sessions were more difficult to score. 
Although the module required fewer responses overall, it was 
frequently difficult to understand the reasoning behind the 
answers given. Again, the discrepancies in scoring involved 
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only five of the subjects and again these disagreements were 
not completely resolved. 
Pat demonstrated a frequent response to the initial 
activity, assessing the area of shapes constructed from 
tangram pieces. He made his choices on appearance, "It is 
the biggest." When asked why, he answered, "It looks like 
it." 
Carole made a good observation, but missed the point of 
the questions. She noted "c" had the largest bottom part 
because "It is a parallelogram and the opposite sides are 
parallel." The carryover of previously learned information 
did not help her justify her answer. 
Bob relied on visual clues throughout as noted in the 
relationship of tangram pieces. Even though he divided each 
of the three shapes into three parts, he was unable to 
identify the largest region. He guessed the parallelogram, 
which he had divided into a square and two triangles. His 
reasoning was, "It can fit two squares." However, the 
larger region had likewise been divided into a square and 
two triangles which he neglected to note were different 
sizes. 
Lucy attempted to find the area of two box tops. After 
finding the length and width, she added the results and 
could not understand why her answers were so much smaller 
than those of others in the class. She went back to the 
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inch squares to clarify her answer and then noted the 
mistake. 
Lisa demonstrated that orientation of shapes was a 
problem. In the activity with area rule cards she was 
unable to show that relationship between various triangles 
and a quadrilateral. When asked to explain why she placed 
the arrows as she did she responded, "Because a 
'rectangular' can be a parallelogram if you tilt it." 
When asked to note the relationship between the area of 
triangles and quadrilaterals Desray, Karl, Annie were 
representative of those who had arrows connecting either too 
many relationships or none at all. 
The experience with geoboards and a pattern activity to 
determine area did little to stimulate growth from one level 
of geometry thinking to another for this group. 
The second group of subjects used inch squares and L- 
squares to determine area. But, their explanations were 
again more complete and they were able to transform the 
discovery of area relationships on a geoboard with the area 
of regions on a community map. 
Ross was very deliberate when determining which of two 
box tops would require the most expensive gold paper to 
cover. He chose to use the inch square and counted each row 
in one direction then in the other to determine the correct 
number of square units. He was then able to measure the 
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second top and determine square units. However, to be 
certain, he returned to the squares to double check. 
Ross correctly identified the relationship between the 
areas of triangle and quadrilaterals. His command of 
geometry language had shown growth when explaining the 
relationship between a right triangle and a rectangle. He 
showed via a diagram and in a sentence explanation that the 
right triangle was half of a rectangle and that the area of 
the other triangle was half of the area of the 
parallelogram. 
Kevin chose the correct shape of tangram pieces by 
determining, "C has the most area because A and B are the 
same." He divided all three original shapes into a square 
and two triangles. Those who attempted to use a variety of 
patterns for each original shape usually came to an 
incorrect conclusion. Donnie noticed that if you used only 
triangles, "You can fit 5 small triangles into it where the 
other shapes you can fit only 4." 
Most of the subjects in this group did not need the 
individual inch squares to measure the box tops. They used 
the L-squares to determine length and width. Kevin wrote "I 
used length times width to get area with the L-ruler." 
Some, like Helen, did revert to Level 1, "They are both 
the same because they look the same." She did have 
difficulty using the L-square to justify her answers by 
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neglecting to note that the device had to be placed inside 
the rectangles prior to measuring. 
The geoboards were used to examine relationships 
between triangles and quadrilaterals. When asked to find 
the area of right triangles in relationship to a rectangle 
the subjects experienced little difficulty. Though some 
continually neglected to label them as square units. 
When it was time to reverse thinking and associate the 
area of a triangle to that of the quadrilateral Allen was 
representative of those who gave many relationships but 
missed the one major one. His connections had to do with 
the number of sides and the type of angles contained within 
each shape. But he neglected to give any explanation to the 
relationship of the area of triangles to parallelograms. 
Sondra was representative of those who, while noting 
two were triangles and two parallelograms, also explained, 
"I put the arrows there because there are two right 
triangles in the rectangle and a right triangle is 1/2 of a 
rectangle. The triangle is 1/2 of the parallelogram." 
During the telephone conversations to describe how one 
would find the area of various lots in a community, the 
subjects in Group II had various methods to solve the 
problem. Jay wanted to "have a symetrical tryangle with and 
width of 2 square units and a height of 1/5 square units. 
You have to put another symetrical tryangle on top then 
divide the square units by 2." It is apparent that Jay is 
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making an attempt to use geometry vocabulary, but has 
confused linear and square units which occurred in the 
responses of other subjects. 
Group III responses continued to be more explicit and 
relationships were expressed more clearly than with the two 
previous groups. 
The area of tangrams was completed with little 
difficulty as noted by Cissy, "The figures are all the same 
because I used a small triangle and a square and it filled 
up all of the space in all 3 figures." 
Martha was very explicit with triangle-parallelogram 
area relationships. The "area of a triangle is half the 
area of a parallelogram—area of a right triangle is half 
the area of a rectangle." 
Likewise, Leigh's telephone conversation to describe 
the area of city blocks revealed her knowledge of the topic. 
"When I found the area of lot A I measured length then 
width. After they were measured I multiplied them together 
dividing the answer by two because it was a triangle. For 
lot B I multiplied length times width for the square." She 
completed the area of the shapes she knew and then devised a 
plan for the parallelogram as she constructed and filled in 
a triangle to complete the rectangle. She had no difficulty 
on the final activity, finding the area of parallelograms. 
Tommy concurred by stating he found "the measurement in 
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linear units of the object." He, like most in Group III, 
was able to complete the activity. 
Patton (1980, 342) suggested that to add credibility to 
the findings, "transcription of any recorded reactions from 
participants" could be added to the study. Since the 
participants in this study were asked to evaluate their 
experience as a journal entry, their responses have been 
included in their entirety in Appendix H. 
It appears, for this study, that the subjects provided 
from 75 - 100% positive feedback from the three classes. 
The most common negative responses were, "It was boring" or 
"a bit slow." Those comments were generally representative 
of those who had previously studied geometry. 
Findings 
1. It was possible to correlate the van Hiele levels of 
thought in this study with the findings in the Brooklyn 
College Study. 
There was a correlation of van Hiele levels of thinking 
in this classroom experiment with that done in the clinical 
setting at Brooklyn College. "Frequently students knew 
rules by rote and could apply rules to problems (Level 1) 
but were unable to explain why rules were true (Level 2)" in 
The Project (Fuys et al., 1988, 140). Subjects in this 
study frequently exhibited the same tendencies. They were 
able to demonstrate some understanding of the activities 
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within a given module, yet were unable to transfer that 
knowledge to the higher order of thinking which was needed 
for a Level 2 response. 
2. The subjects entered the study at varying levels of van 
Hiele thinking with many of the subjects at Level 0 
(See Table 8). 
Table 8 
Levels of Thinking on Key Module Activities 
Percentages of Subjects by Classes 
Level 0 Levels 0-1 Levels 1-2 
Grade 6: 
(The Project - Brooklyn College Clinical Study) 
Group I Group II Group III 
18.75% 37.5% 43.75% 
Grade 7: 
(Classroom Study) 
Class A 68.5% 31.5% 
Class B 8.3% 70.8% 20.8% 
Class C 5.9% 73.5% 20.5% 
Grade 9: 
(The Project - Brooklyn College Clinical Study) 
Group IV Group V Group VI 
12.5% 43.75% 43.75% 
Group I for Grades 6 and 7, and Group IV in Grade 9, 
responded primarily at Level 0. Their journal entries or 
individual responses lacked both the clarification of ideas 
and use of appropriate geometry vocabulary. They operated 
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on a "looks like" premise whereby they visualized a shape in 
its entirety with little regard to attributes. 
The second Group, along with Group V in Grade 9, 
exhibited progress toward Level 1 thinking. They included 
newly-learned geometry vocabulary as they began to analyze 
geometric figures. Relationships between the figures began 
to emerge in their responses. 
Group III for Grades 6 and 7, along with Group VI for 
Grade 9, exhibited growth toward Level 2 thinking. 
Reasoning, though not consistent, incorporated informal 
arguments. The subjects were more fluent in the use of 
appropriate geometry vocabulary. 
In The Project, "It was evident that the highest level 
of thinking attained on one concept remained consistent 
across other topics" (Fuys et al., 1988, 140). The movement 
of subjects in the classroom setting also displayed movement 
within modules and there was correlation between modules. 
As had been expected, many of the subjects in the classroom 
experience did enter a module at Level 0 and those in Class 
A, below grade level, did not display as much movement from 
level to level as did the subjects in the other two classes. 
The Project noted that "The modules were designed to 
review topics covered in Grades 4-8, not develop them for 
weak students" (Fuys et al., 1988, 142). It was also noted 
that "The interview schedule did not permit time needed to 
develop topics carefully with these students." Again, this 
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was consistent with the findings of the classroom study. At 
times it appeared that there were too many topics to be 
covered in the appropriated time frame and that more time 
was needed to develop a higher level of understanding by the 
subjects. 
3. Journal writing can be analyzed to identify the van 
Hiele levels of thinking using the Descriptors 
developed in The Project at Brooklyn College. 
While the clinical study indicated "that the van Hiele 
model provides a reasonable structure for describing 
students' geometry learning" (Fuys et al., 1988, 133), 
journal writing in the classroom setting can also provide an 
appropriate format for determining the levels of geometric 
thinking for seventh grade students. Subjects were 
continually being asked to record their responses before any 
classroom discussion occurred since the "instructional 
modules were designed to assess levels of thinking" (Fuys et 
al., 1988, 142). It was important to make certain the 
subjects' responses were recorded prior to discussion so 
that the recorded thoughts were those of the subject rather 
than those of others. 
The subjects were always encouraged to add additional 
ideas from group discussions and label them "Group." Unlike 
the subjects in the clinical setting, who were given 
additional prompts and guidance to enhance their level of 
responses, the subjects in the classroom received only 
general directions and encouragement. Those observing in 
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the clinical setting could determine at which point the 
students needed additional prompts and guidance and could 
note it accordingly. In the classroom setting, this was 
impossible due to the number of subjects participating. 
Since it was not possible to provide individual prompting 
and guidance, it might account for the lower percentage of 
subjects moving into Group III for both classes B and C. 
There were instances where subjects in each of the classes 
did not add additional information after the class shared 
responses. 
In the clinical setting the interviewer was able to 
provide additional prompts and guidance to "move students to 
a higher level" (Fuys et al., 1988, 142). In the classroom 
setting, prompts and guidance had to be given as group 
presentations and thus the overall movement from level to 
level in the 15 classroom sessions found a smaller 
percentage of subjects moving to Level 2 thinking. 
Sixty-eight percent of the subjects in Class A remained 
at Level 0, identifying by appearance, while 32% of the 
subjects made progress toward Level 1 where properties were 
mentioned in explanations. For Class B, 10% remained at 
Level 0, 70% made progress toward Level 1 and 20% displayed 
movement toward Level 2, where informal arguments were 
presented. Class C had 6% in Level 0, 73% in Level 1 and 
21% showing movement toward Level 2. 
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Most of the subjects in the classroom study were able 
to make progress in all three modules. This might also 
account for the lower percentage of subjects at Level 2. 
The sessions in the classroom study focused on movement 
through the modules while the subjects in the clinical study 
completed fewer topics within each module. 
4. The Brooklyn College Study descriptors were validated 
for use by classroom teachers. 
Prior to the study both the investigator and the 
validator read through the Brooklyn College Study 
Descriptors for familiarity. As the study progressed, the 
journals were read first by the investigator and five 
randomly selected journals from each of the three classes 
were also read by the validator. Overall, this study 
produced a 90.6% level of agreement between the validator 
and the investigator. This compared favorably with the 87% 
consensus level from teachers in the Brooklyn College Study. 
There were very few responses from each class that were 
questionable between the two investigators. When the two 
readers compared scoring results, both agreed that the 
responses were still questionable. 
There is such a volume of material produced in a 
qualitative study that the material, journal reading in this 
study, must be read on a continuing basis. This provided 
information for the investigator and feedback for subjects 
who had not had time for questions to be answered in class 
or had wondered about various relationships which had not 
202 
been discussed. Thus, there was the opportunity for a 
running dialogue between the investigator and subject. It 
was also important for the investigator to encourage the 
subjects to clarify their thoughts and strive for a lack of 
ambiguity. Subjects did take their tasks seriously, 
although many noted that it was the first time they had 
really been asked to supply written information about 
mathematics. With continued encouragement, all of the 
subjects showed improvement in their ability to convey their 
information in written form. They often noted that they did 
understand that the investigator wanted to know "why" and 
advanced in their ability to provide such reasoning. 
5. It is necessary for subjects to pass through the five 
phases of geometry thinking in order to pass from one 
van Hiele level to the next. 
Finally, according to the Massachusetts Assessment 
Report, Moving Geometry from the Back of the Book, "The van 
Hieles believed that advancement depended more upon content 
and instruction than age" (1987, 3). As the information 
from the two studies was compared it did appear to confirm 
this belief. The subjects were sixth-, seventh- and ninth- 
grade students who were provided the treatment, namely the 
presentation of information in the three geometry modules, 
in two separate settings. The subjects did make progress in 
their geometric thinking levels when the five phases of 
instruction were incorporated into the lessons. When the 
phases were rushed, as was necessary to stay within the 
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guidelines of the study, there did not appear to be as much 
progression in levels of knowing as might have been 
predicted. 
Each of the phases had been incorporated into The 
Project at Brooklyn College. However, for the purpose of 
classroom use, it would appear that more examples be 
incorporated into each of the modules to compensate for the 
lack of individual guidance. There was certainly time for 
the Information, or stage-setting phase. The Guided 
Orientation appeared to involve all of the subjects and they 
kept on task very well during this phase. 
More time was necessary on the Explicitation Phase as 
the subjects noted their responses in their journals. This 
was an area that was not addressed in the original proposal, 
the amount of time required to allow adequate time for 
journal entries and, of equal importance, the time for 
subjects to discuss these entries. It seemed that this 
discussion time was continually being interrupted due to the 
end of a class period. 
The Free Orientation period, where the tasks were 
related to earlier lessons but were more complex, also 
needed at least twice as long as had been allotted. Since 
the information was usually unfamiliar, it is logical that 
the subjects would have needed additional time for 
exploration and for making connections to previous material. 
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Thus, the final or Integration Phase, where subjects 
were again asked to reflect and write, certainly could have 
been allotted more time. Although the subjects did complete 
the tasks that were assigned, they did note from time to 
time that they were being rushed. 
This study appears to support Dina van Hiele's claim 
that geometry needs approximately 70 sessions to move a 
student from Level 1 to Level 3. Although there was 
movement of geometry thinking from level to level within 
each of the three classes, it appears that more than 15 
sessions be incorporated into a seventh grade curriculum to 
ensure more movement of geometric thinking for all of our 
students. As Usiskin (1982, 39) reported, "Dina van Hiele 
reports having been able to lead students from Level 1 to 
Level 3 in 70 lessons, 20 lessons to go from Level 1 to 
Level 2 and 50 more from 2 to 3." Since the majority of 
subjects began the study at Level 0, additional time would 
be needed to get them to Level 1. Thus, the few days 
allotted to geometry each year in the K-8 curriculum 
certainly appear to be highly inadeguate. 
Perceptions and Recommendations 
Presenting material in a new format was a learning 
experience for the investigator as well as for the subjects. 
Although it had been previous practice to require the 
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subjects to keep a notebook, it never occurred to the 
investigator that keeping a journal would offer such a rich 
and varied source of information. 
Although the subjects in Class A all tested below grade 
level, it was important to note that they, too, were able to 
make progress in their levels of geometry thinking. The 
Project found that "younger students, especially in grade 6, 
had difficulty talking about geometry, in particular 
'telling why.' Writing an explanation would no doubt be 
more difficult for them, so that tests that demand written 
explanations may be inappropriate for assessing their levels 
of thinking" (Fuys et al., 1988, 188). 
However, the seventh grade subjects, even in Class A, 
were able to answer at least some of the questions. There 
were incomplete responses from subjects in each of the 
classes, though those subjects who were absent for any of 
the sessions did appear to experience more difficulty with 
responses than those receiving the treatment every day. 
Furthermore, additional research might investigate whether 
the inability to correctly express one's self could be 
attributed to their lack of prior experience with geometry 
or their limited prior experience in writing in the geometry 
class. 
The investigator would recommend that more specific 
directions be given when writing is required for the 
subjects in the classroom. Although the script developed 
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for The Project appeared to be clear, for classroom 
purposes, it is suggested that more questions be inserted to 
allow for the latitude an investigator has in a one-on-one 
situation. In that setting it is much easier to determine 
where the thought process is headed and divert 
misunderstandings before they arise. In the classroom 
situation it was not apparent, at times, that the subject 
had a misunderstanding until the journal was read. This 
might be accomplished by allowing even more time for 
classroom discussion than was given during the study. 
It was interesting to observe the willingness of the 
subjects to remain on task, examining and testing a specific 
idea. Many times the subjects expressed amazement that the 
period had ended. 
Packaging individual envelopes with appropriate 
materials for each session eased the distribution of 
material. Each subject demonstrated responsibility in 
returning completed sets. This organization also 
contributed to more time on task for the subjects. 
There did not appear to be as much movement from level 
to level in this study as had been demonstrated in the 
clinical setting. In reflection, the wide range of material 
covered in the 15 sessions appears to have been overly 
ambitious and may have contributed to this trend. Future 
studies might benefit from expanding one module and 
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providing additional instructional branches for those 
experiencing difficulty. 
In the specific modules the journal entries produced 
trends in misconceptions, the first being the inability of 
subjects from every level of background experience to 
identify squares as a member of the set of rectangles. It 
continually appears to be a neglected, explored relationship 
in elementary classes. It is exciting to observe the moment 
when this relationship is discovered and the subject's 
realization that a square has so many relationships. 
The five phases of knowing, through which Pierre van 
Hiele declared a student must pass, were most evident in 
this series of sessions. The Information Phase of finding 
examples and non-examples provided a chance for comparisons. 
Throughout guided orientation, the subjects were able to 
look at properties of shapes, rather than just the shape 
itself. The Explication Phase, whereby the subjects were 
required to express their knowledge in words, continually 
was being stressed. Though, when this came in the earlier 
lessons the subjects did have more difficulty than in later 
lessons. 
Relating what they knew to a more complex idea was 
evident when the subjects attempted to determine properties 
for kites after exploring the properties of squares, 
rectangles and parallelograms. Later, this extension 
required them to attempt to find the relationship of angles 
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within shapes after having explored angles along "saws" and 
"ladders." 
The concept of congruent angles with "saws" and 
"ladders" using pattern pieces was an example of directions 
that were not appropriate for this study. It was a very 
time-consuming activity, as students needed to trace angle 
patterns for corresponding angles so the investigator could 
know how the subjects had reached their conclusions. Thus, 
the purpose of showing the relationship of angles was lost 
in their attempt to trace the angles. 
The Family Tree, the fifth or Integration Phase, in the 
second module appeared to cause quite a bit of difficulty 
for the subjects and either needs to be modified for a class 
activity or presented in some other format. Many of the 
subjects spent a great deal of their time trying to 
determine the relationship between "saws" and "ladders" to 
the angles in triangles and other polygons. It appeared 
that the third phase, Explication, was weak. The subjects 
were not ready for the Free Orientation Phase, finding a 
network of relations, and Integration, leaving them unable 
to summarize what had been learned about the subject. 
This was an appropriate teaching model for this study 
in grade seven. However, continued investigations are 
needed to expand this model and extend it to other topics. 
Dina van Hiele reminded us in her dissertation that 
"The world of experience of the adult is completely 
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different from that of a 12-year-old pupil. The teacher 
sees and knows the objects in a way different from that of 
the pupil” (1957/1984, 220). Through their journal entries, 
the subjects in this study have shared their insights into 
the world of geometry and because of them, the world of 
geometry thinking has been expanded for this investigator. 
APPENDIX A 
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APPENDIX A 
Module 1 
Basic Geometric Concepts 
The Project 
(Fuys, et al., 1988, 17) 
1. Introductory Activity 
2. Shapes in Pictures 
3. Sorting Polygons, Quadrilaterals 
4. Properties of Classes of Quadrilaterals 
5. Inclusion Relations—Sorting by Parallelism 
6. Guessing Shapes from Partial View/Property 
7. Minimal Properties 
8. Kites: Sorting, Properties, Inclusion Relations 
Module 2 
Angle Measurement 
The Project 
(Fuys, et al., 1988, 29) 
1. Angle Measurement 
2. Making Tilings and Grids 
3. Saws and Ladders 
4. Coloring Angles 
5. Developing Properties from Grids 
6. Family Trees 
Exterior Angle of a Triangle 7. 
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APPENDIX A (cont'd) 
Module 3 
Area Measurement 
The Project 
(Fuys, et al., 1988, 45) 
1. Tangrams 
2. Assessment of Area Concepts—Ways of Finding Areas of 
Figures 
3. Area of Rectangles 
4. Area of Right Triangles 
5. Area of Parallelograms 
6. Area of Triangles 
7. Area of Trapezoids 
8. Area of Figures Whose Vertices Lie on Two Parallel 
Lines 
9. Final Activity on Family Trees 
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APPENDIX B 
65 Deerfield Drive 
Bridgewater, MA 02324 
October 30, 1989 
Professor Dorothy Geddas 
Room 2105 
James 
Brooklyn College 
Brooklyn, NY 11210 
Dear Professor Geddas: 
As a result of our phone conversation this afternoon I 
am formally requesting permission to use the format and 
materials as suggested by the Brooklyn College Study: The 
van Hiele Model of Thinking in Geometry Among Adolescents. 
This will be thoroughly acknowledged and correctly 
documented in the study of the feasibility of implementing 
the model which is the focus of my Ed.D. dissertation for 
the School of Education at the University of Massachusetts, 
Amherst. 
Since this will be a classroom situation rather than 
clinical, it is anticipated that journals will be kept by 
the students for recording selected responses and to track 
their thinking during various selected activities. It is 
believed that by keeping journals the students and the 
teacher will be able to track thinking patterns according to 
the van Hiele hierarchy. 
I thank you for your time and encouragement. 
Very truly yours, 
Gloria W. Moran 
APPENDIX B (cont'd) 
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Scnooi of Education 
November 4, 1989 
Gloria W. Moran 
65 Deerfield Drive 
Bridgewater, MA 02324 
Dear Gloria: 
We are very interested in your dissertation proposal of 
utilizing the van Hiele model of thinking in a whole class 
setting to investigate the thinking patterns of students. What 
grade level class will be involved in the study? What is your 
approximate time period for the study (i.e. a semester, 
year, several months,...)? 
We hereby give you permission to use the format and materials 
used in the Brooklyn College Investioation of the van Hiele 
Model of Thinking in Geometry among Adolescents provided credit 
is properly given in any of your published material. We would 
also request a copy of the final report of your investigation. 
We think your investigation is of great importance and 
suggest you give careful attention not only to the levels but also 
to the van Hiele phases in your development of class activities. 
Let us know if we can be of any assistance. 
With all good wishes. 
Sincerely, 
Dorothy Geddes 
Project Director 
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STEPHEN J. CHILDS 
SUPERINTENDENT OF SCHOOLS 
BRIDGEWATER, MASS. 02324 
September 27, 1989 
Mrs. Gloria Moran 
Williams Junior High School 
200 South Street 
3ridgewater, MA 02324 
Dear Mrs. Moran: 
Your request to use some of your seventh grade math classes and your 
proposal for your doctoral dissertation was unanimously approved by 
the School Committee at its meeting held on September 26, 1989. 
This sounds like a very interesting and worthwhile project. I 
look forward to seeing reports on this project. Congratulations 
and good luck in your efforts. 
Sincerely 
R 
Acting Superintendent of Schools 
RFB/ld 
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APPENDIX C 
January 10, 1991 
To the parents of:_ 
Your permission is requested for ___ 
to participate with his/her class in a study of students' 
geometric thinking. The study is being done by Mrs. G. 
Moran, under the guidance of her dissertation committee at 
the University of Massachusetts, Amherst. Mrs. Moran has 
been granted permission to conduct this study by 
Superintendent Robert Blakeley and Principal Warren Kelson. 
The students will be assigned random numbers so that 
information being reported will not identify a particular 
student. CTBS scores will be used to correlate the reading 
and math levels of the students with their levels of 
geometric thinking. Selected lessons will be videotaped. 
Thank you for your cooperation. 
Mrs. G. Moran 
M.G. Williams Junior High 
Mathematics Department 
c: Mr. Blakeley 
Mr. Kelson 
Mrs. Danforth 
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APPENDIX D 
The Project 
Brooklyn College Study (Fuys, et al., 1988, 58-59) 
Level 0 Descriptors 
The Subject: 
1. identifies instances of a shape by its appearance as 
a whole. 
a. in a simple drawing, diagram or set of cut-outs. 
b. in different positions. 
c. in a shape or other more complex configurations. 
2. constructs, draws, or copies a shape. 
3. names or labels shapes and other geometric 
configurations and uses standard and/or nonstandard 
names and labels appropriately. 
4. compares and sorts shapes on the basis of their 
appearance as a whole. 
5. describes shapes by their appearance as a whole. 
6. solves routine problems by operating on shapes rather 
than by using properties which apply in general. 
7. identifies parts of a figure but 
a. does not analyze a figure in terms of its 
components. 
b. does not think of properties as characterizing a 
class of figures. 
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The Project 
Brooklyn College Study (Fuys, et al. 1988, 60-63) 
Level 1 Descriptors 
The Subject: 
1. identifies and tests relationships among components of 
figures (e.g. congruence of opposite sides of a 
parallelogram; congruence of angles in a tiling 
pattern). 
2. recalls and uses appropriate vocabulary for components 
and relationships (e.g. opposite sides, corresponding 
angles are congruent, diagonals bisect each other). 
3. a. compares two shapes according to relationships 
among their components. 
b. sorts shapes in different ways according to 
certain properties, including a sort of all 
instances of a class from non-instances. 
4. a. interprets and uses verbal descriptions of a 
figure in terms of its properties and uses this 
description to draw/construct the figure, 
b. interprets verbal or symbolic statements of rules 
and applies them. 
5. discovers properties of specific figures empirically 
and generalizes properties for that class of figures. 
6. a. describes a class of figures (e.g. parallelograms) 
in terms of its properties, 
b. tells what shape a figure is, given certain 
properties. 
7. identifies which properties used to characterize one 
class of figures also apply to another class of figures 
according to their properties. 
8. discovers properties of an unfamiliar class of figures. 
solves geometric problems by using known properties of 
figures. 
9. 
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10. formulates and uses generalizations about properties of 
figures (guided by teacher/material or spontaneously on 
own) and uses related language (e.g. all, every, none) 
but 
a. does not explain how certain properties of a 
figure are interrelated. 
b. does not formulate and use formal definitions. 
c. does not explain subclass relationships beyond 
checking specific instances against given list of 
properties. 
d. does not see a need for proof or logical 
explanations of generalizations discovered 
empirically and does not use related language 
(e.g. if-then, because) correctly. 
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The Project 
Brooklyn College Study (Fuys, et al. 1988, 64-68) 
Level 2 Descriptors 
The Subject: 
1. a. identifies different sets of properties that 
characterize a class of figures and tests that 
these are sufficient. 
b. identifies minimum sets of properties that can 
characterize a figure. 
c. formulates and uses a definition for a class of 
figures. 
2. gives informal arguments (using diagrams, cutout shapes 
that are folded, or other materials). 
a. having drawn a conclusion from given information, 
justifies the conclusion using logical 
relationships. 
b. orders classes of shapes. 
c. orders two properties. 
d. discovers new properties by deduction 
e. interrelates several properties in a family tree. 
3. gives informal deductive arguments. 
a. follows a deductive argument and can supply parts 
of the argument. 
b. gives a summary or variation of a deductive 
argument. 
c. gives deductive arguments on own. 
4. gives more than one explanation to prove something and 
justifies these explanations by using family trees. 
5. informally recognizes difference between a statement 
and its converse. 
6. identifies and uses strategies or insightful reasoning 
to solve problems. 
7. recognizes the role of deductive argument and 
approaches problems in a deductive manner but 
a. does not grasp the meaning of deduction in an 
axiomatic sense (e.g. does not see the need for 
definitions and basic assumptions). 
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b. does not formally distinguish between a statement 
and its converse. 
c. does not yet establish interrelationships between 
networks of theorems. 
APPENDIX E 
SCHEDULE FORMAT FOR SESSIONS 
APPENDIX E 
SCHEDULE FORMAT FOR FIFTEEN SESSIONS 
Module One Session 1 Session 2 Session 3 Session 4 Session 5 
Assessment Free Sort Properties Minimum Kites 
(likes and of properties 
differences) quadrilaterals Family 
Trees 
Finding shapes Sub-class Guessing 
in architecture relations Game 
Parallelism 
Module Two Session 6 Session 7 Session 8 Session 9 Session 10 
Angle "Saws and "1 Ladders" Angles in Family 
Measurement Triangles Trees 
Construction Identifying and 
Angle and identifying angles within Quadrilaterals Exterior 
Patterns angles formed repeated Angles 
by "saws" and patterns Properties 
"ladders" (congruent) from grids 
angles) 
Module Three Session 11 Session 12 Session 13 Session 14 Session 15 
Tanarams Area of Area of a Area of Family 
Rectanqle Parallelogram Right Trees 
and Triangle Triangles 
Area of 
Rectangles 
APPENDIX F 
SAMPLE STUDENT ACTIVITY SHEETS 
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APPENDIX G 
SEVENTH GRADERS' LEVELS OF 
THINKING ON KEY MODULE 
ACTIVITIES 
APPENDIX G 
Key: Group I 
Group II 
Group III 
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Primarily Level 0 responses; description by appearance as a whole; weak 
command of geometry vocabulary 
Progress toward Level 1 thinking? freguent use of appropriate geometry 
vocabulary? some analysis of figures apparent 
Exhibited growth into Level 2 thinking; reasoning, though not consistent, 
incorporated informal arguments; more fluent with geometry vocabulary 
GRODP I - CLASS A 
Celeste Dinah Annie Adam Rick Lucy Desray Neil Carole Karl 
Module 1 
Basic Concepts 0* 0 0 0 0 0 0 0 
Sorting 0 0 0* 0 0 0 0 0 0* 
Properties of Quads 0 0* 0* 0-1 0 0-1 0-1 0 0-1 0-1 
Subclass Inclusion 0 0* 0 0 0 0 0 0 0 0 
Uncover Shapes 0* 0* 0* 0-1 0* 0 0 0 0 
Minimum Properties 0 0* 0 0 0 0-1 0 0 0 
Definitions 0 0* 0 0-1 0 1 0-1 0 1 
Kites-properties 0 0 0 0 0 0 0 0 
Subclass 0* 0* 0 0* 0* 0-1 0 0 
Module 2 
Angle Measurement 0* 0* 0* 0 0 0 0 0 0 
Saw/Ladder 0 0 0-1 0 0-1 0-1 1 0-1 0 
Proofs-Saws/Ladders 0 0 0 0 0 0 0 
Angle Sum-Triangle 0 0* 0-1 0 0 
Angle Sum-Quad 0-1 0* 0* 0-1 0* 0 0-1 
Exterior Angle NOT COM PLETED WITH THIS CLASS 
Module 3 
Concept of Area 0* 0* 0* 0-1 0 0-1 0 0 
Area-Rectangle 0 0 0* 0 1 0 0 1 0 
Area-Rt. Triangle 0* 0 0 0 0 0 0-1 
Area-Parallelogram 
Area-any Triangle 
Area-Trapezoid 
0* 0 
0 
0 
* = Weak Response 
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GROUP I - CLASS A GR0Up n _ CLASS A 
Greg Ralph Pat Tony Chad Shawn Allyson Ted Ross 
Module 1 
Basic Concepts 0 0 0 0 0 0 0 0-1 0-1 
Sorting 0 0 0 0 0* 0 0 0 
Properties of Quads 1 0-1 1 0-1 0-1 0* 0 0-1 0-1 
Subclass Inclusion 0 0 0 0-1 0 0 0 0 0 
Uncover Shapes 0* 0* 0* 0 0* 0 0 0* 0* 
Miniiui Properties 0 0* 0 0 0 0-1 0-1 0 0-1 
Definitions 1 0-1 1 0 0 0-1 0-1 1 
Kites-properties 0 0* 0 0 0 0 0 0 
Subclass 0* 0* 0* 1 1 0-1 1 0-1 
Module 2 
Angle Measurement 0-1 0* 0-1 0-1 0 0-1 1 0 0 
Saw/Ladder 1 0-1 1 0 0-1 1 0-1 0 0-1 
Proofs-Saws/Ladders 0-1 0 1 0 0 0 0-1 
Angle Sum-Triangle 0 0 0* 0 1 0 
Angle Sum-Quad 0 0 0* 0 0-1 0-1 0* 
Exterior Angle NOT COMPLETED WITH THIS 
CLASS 
Module 3 
Concept of Area 0 0* 0 0-1 0-1 0 0 0-1 
Area-Rectangle 0-1 0-1 0 1 0 0 0 0 
Area-Rt. Triangle 0 0 0-1 0 0 0 1 0-1 
Area-Parallelogram 
Area-any Triangle 0 0 0 0 
0 
0-1 1 
Area-Trapezoid 
* = Weak Response 
APPENDIX G (cont'd) 
GROUP I - CLASS B 
David Bob 
Module 1 
Basic Concepts 0-1 
Sorting 0 0-1 
Properties of Quads 0-1 1 
Subclass Inclusion 0* 0 
Uncover Shapes 0 0-1 
Miniiui Properties 0 0 
Definitions 0 0 
Kites-properties 0 0-1 
Subclass 0 0 
Module 2 
Angle Measurement 0-1 • 0 
Saw/Ladder 0 0 
Proofs-Saws/Ladders 0 0 
Angle Sum-Triangle 0* 0 
Angle Sum-Quad 0* 0 
Exterior Angle 0* 0 
Module 3 
Concept of Area 0 0 
Area-Rectangle 0 0-1 
Area-Rt. Triangle 1 1 
Area-Parallelogram 0 0 
Area-any Triangle 0 0 
Area-Trapezoid 0* 0* 
GROUP II - CLASS B 
Paul Joseph Kurt Corrine Lorie Helen Fran 
0 0 0-1 0-1 0-1 0 0 
0* 0 0 0-1 0 0 0 
0-1 0 0* 1 0-1 0-1 0-1 
0-1 0 0 0 0 0-1 0 
1 0 0 1 0 1 0 
0 1 0 0 0-1 0 
0-1 0 0 0-1 0 0 0 
0 0 0 0 0 0-1 0 
2 0-1 1 1 0 1 0-1 
1 0 0-1 0-1 0 0-1 
1 1-2 1 0-1 0-1 0-1 0 
1 1 0 0 
rH
 
1
 
c
*
 
0 0-1 
0-1 1 1 0-1 1 
0* 0 0* 0 0-1 0-1 
0 0* 0 0 1 
0 0 1 0 0 0 0-1 
0 0-1 0* 0 1 0 o
 
1 
h
-»
 
0 0-1 0-1 0 1 1 0 
0 0 0 0* 0 0-1 0 
0 0 0 0 0 0 0-1 
0 0* 0 0 0* 0 
* = Weak Response 
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GROUP II - CLASS B (Continued) 
Colleen Jay Hillary Carolyn Sondra Nancy Billy Kevin Gilbert Mary 
Module 1 
Basic Concepts 0 0-1 0-1 0 
Sorting 0 0 0 0 
Properties of Quads 1 1 1 
Subclass Inclusion 0-1 0 0 
Uncover Shapes 0 0 0 0-1 
Minimum Properties 1 0 0-1 0-1 
Definitions 0 0-1 0 0 
Kites-properties 0 0 0 0 
Subclass 0-1 0 0 0 
Module 2 
Angle Measurement 0-1 0 1 1 
Saw/Ladder 1 1 0-1 1 
Proofs-Saws/Ladders 0 1 0-1 0 
Angle Sum-Triangle 0-1 1 1 1 
Angle Sum-Quad 0-1 1 0-1 0-1 
Exterior Angle 0-1 0 0 1 
Module 3 
Concept of Area 0-1 0 0 0 
Area-Rectangle 0 0-1 0-1 1 
Area-Rt. Triangle 1 1 0 0-1 
Area-Parallelogram 0 0-1 0-1 0 
Area-any Triangle 0 0 0-1 0-1 
Area-Trapezoid 0 0 0 0-1 
0 0-1 0 0 0 
0 0-1 0 0-1 0 
0-1 1 1 0-1 1 1 
0 0 0 0-1 0-1 0 
0* 0-1 1 0-1 0 0 
0 0-1 0 0-1 0 
0 1 0 0-1 1 0 
0-1 0-1 0 0 0-1 0 
1 0-1 1 1 1 1 
o
 
1 1—»
 0 0-1 1 1 1 
0 0-1 1 0-1 1 1 
1 0-1 
«
—1
 
1
 
o
 0-1 1 2 
1 0 o
 
1 0-1 1 1-2 
1 1 0 0-1 0-1 2 
1-2 0 
r
-H
 
1
 
o
 0-1 1 1-2 
1 0-1 0 0-1 1 0-1 
1 0-1 1 0-1 0-1 0-1 
1 
r
-H
 
1
 
o
 
0-1 1 1 1 
1 0-1 0 1 1 1 
1 0 1 1 0-1 1 
0 0 1 0 0* 0 
* = Weak Response 
APPENDIX G (cont'd) 
GROUP III - CLASS B GROUP I - CLASS C 
Tommy Leigh Rosemary Brenda Kennetha Lisa Lynda 
Module 1 
Basic Concepts 0-1 0-1 0-1 0-1 0 0-1 
Sorting 0-1 0 0 0 0 
Properties of Quads 0-1 0-1 0 0-1 0-1 0-1 
Subclass Inclusion 0-1 0 0 0-1 0-1 0 0 
Uncover Shapes 0-1 0-1 0-1 0 1-2 0 0-1 
Minimum Properties 0 0-1 0-1 0-1 0-1 0 0 
Definitions 0 0 1 0-1 1 0-1 0-1 
Kites-properties 0 0-1 0 1 0 0 0 
Subclass 1-2 2 2 1-2 2 1 0-1 
Module 2 
Angle Measurement 0-1 0-1 0-1 0-1 1 0 0 
Saw/Ladder 1 1-2 1 1-2 0-1 0 0 
Proofs-Saws/Ladders 0-1 2 1 1 2 0 0 
Angle Sum-Triangle 0-1 2 1 1 2 0 0 
Angle Sum-Quad 0 2 0 1-2 0 0 
Exterior Angle 0 0 1 1 1 0 0 
Module 3 
Concept of Area 0 0-1 0-1 0 1 1 0-1 
Area-Rectangle 0 0-1 1 1 0-1 0 
Area-Rt. Triangle 1 1 1 1 1 0-1 
0 Area-Parallelogram 0 0-1 0-1 0-1 0 0 
Area-any Triangle 0 1 0 0 0-1 0-1 0 
Area-Trapezoid 0 0 0 0 0 0 
APPENDIX G (cont'd) 
GROUP II - CLASS C 
John Marlena Ginger Patrick Kris Wanda Ruth Willy Lona 
Module 1 
Basic Concepts 0-1 0-1 0-1 0-1 0-1 0 0-1 0-1 0 
Sorting 0 0-1 0-1 0-1 0 0 0 
Properties of Quads 0-1 1 0-1 1 1 0-1 0-1 1 
Subclass Inclusion 0-1 0-1 0 1 0 0 0 
Uncover Shapes 0 0-1 0-1 0 0 0 0 0 
Minimum Properties 0-1 0 0 0 0 0-1 2 0 0 
Definitions 0 0 0-1 0-1 0-1 0 0 0-1 0 
Kites-properties 0-1 0 0 0 0-1 0 0 0 0 
Subclass 1 1 1 0-1 0 0-1 1 0 
Module 2 
Angle Measurement 0 1 0-1 0-1 1 0 0 0 0-1 
Saw/Ladder 1 0 0 0 0 0 0-1 1 
Proofs-Saws/Ladders 1 0-1 0* 0-1 1 0 1 
Angle Sum-Triangle 0-1 0 1 1 0 0 0 0 0 
Angle Sum-Quad 0 0 0* 0-1 0-1 0* 0 0-1 
Exterior Angle 1 0-1 0 0 1 0 0-1 0 0 
Module 3 
Concept of Area 0-1 0-1 0 1 0 0-1 1 1 
Area-Rectangle 0 0 0-1 0-1 2 0-1 1 0 
Area-Rt. Triangle 1 0-1 1 0 1-2 1 1 1 
Area-Parallelogram 0 0 0 0-1 0 0-1 0 0 
Area-any Triangle 0 0 0 0-1 0 1 0 1 
Area-Trapezoid 0 0 0 0 
* = Weak Response 
APPENDIX G (cont'd) 
GROUP II - CLASS C (Continued) 
Donnie Arthur Lois Cleo Donna Bobby Taiara Rose Stu Tricia 
Module 1 
Basic Concepts 0-1 0-1 0-1 0-1 0-1 0 0-1 0-1 0 
Sorting 0 1 0 0 0 0-1 1 0 0 0 
Properties of Quads 1 0-1 0-1 1 1 0-1 0 1 0-1 
Subclass Inclusion 0 0 0 0 1 0 0 0 0 
Uncover Shapes 0 0 0 0-1 0-1 0 0 0-1 0 1 
Minimi! Properties 0 0-1 0 0-1 0 0 0 0-1 0 0-1 
Definitions 0-1 1-2 0 1 0-1 1 0-1 1-2 2 0-1 
Kites-properties 0 0 0 0-1 0-1 0-1 0 0 0 0 
Subclass 1 0-1 0 2 0-1 1 0-1 1 1 1 
Module 2 
Angle Measureient 0-1 0-1 0 0-1 0-1 1 0-1 0 1-2 0 
Saw/Ladder 1 0 0 0 0 0 0-1 0 0-1 
Proofs-Saws/Ladders 0 0 0 0 0 0-1 0 1-2 0 0-1 
Angle Sui-Triangle 1 0 1 0 1 0-1 1 1 0-1 1 
Angle Sun-Quad 0* 0 0-1 0-1 0* 0-1 0-1 1 0-1 0 
Exterior Angle 1 0 0 0-1 0 0-1 1 1 1 
Module 3 
Concept of Area 0-1 0-1 1-2 1 1 1 1 1 1 0-1 
Area-Rectangle 0-1 1-2 1 1 1-2 0 1 0 0 
1 Area-Rt. Triangle 1 0-1 1 1-2 1 1 1 0-1 0 
Area-Parallelograi 0 0 1 0 0 0-1 1 
0 
0 0 
Area-any Triangle 0-1 1 0 0 0 0 0-1 1 1-2 
Area-Trapezoid 0 0 0 0 0-1 
* = Weak Response 
APPENDIX G (cont'd) 
Paul Kate Ardis Mike Betty Allen Mel Cissy Janine Megan 
Module 1 
Basic Concepts 0-1 0-1 0-1 0 0-1 0 1 1-2 0-1 0-1 
Sorting 1 0-1 0 0 1 0 0 0-1 0 
Properties of Quads 0-1 0-1 1 0-1 1 0-1 0-1 1 0-1 1 
Subclass Inclusion 0 0-1 0 0 0 0 0 1 0-1 1 
Uncover Shapes 0 0-1 0-1 0 0-1 1 0 1-2 0-1 0-1 
Minimum Properties 0-1 0 1 1 0-1 1 0 1 0-1 0 
Definitions 1 1 0-1 0-1 0-1 1 1-2 1-2 1-2 1-2 
Kites-properties 0 0 1-2 0 0 0 0 0-1 0-1 0 
Subclass 0 1 0-1 1 1 1 1 0-1 1 1 
Module 2 
Angle Measurement 1 0-1 0-1 0-1 1 1 0-1 0-1 0-1 1 
Saw/Ladder 0 1 1 1 0-1 1 0-1 0-1 1 1 
Proofs-Saws/Ladders 0-1 0-1 1-2 0-1 1 1-2 1-2 0-1 1-2 1-2 
Angle Sum-Triangle 1 1 0-1 1 1 1 0 0 1 1 
Angle Sum-Quad 0-1 0-1 0-1 1 1 0 0-1 0-1 0 0-1 
Exterior Angle 1 1 1 1-2 1 1 0 1 1 0-1 
Module 3 
Concept of Area 1 0-1 0-1 1 0-1 0 0 0-1 0-1 
1 Area-Rectangle 1 0 1 1 0-1 0-1 0 0-1 1 
Area-Rt. Triangle 1 0-1 1 1 1-2 1 1 1 1 1 
Area-Parallelogram 0* 1 0 0-1 1 1 0 0-1 0 1 
Area-any Triangle 0-1 1 0 1-2 1 0 1 0-1 0-1 1 
Area-Trapezoid 0 0 0 0 
* = Weak Response 
APPENDIX G (cont'd) 
GROUP III - CLASS C 
Martha Gretchan Susan 
Module 1 
Basic Concepts 0-1 1-2 1-2 
Sorting 0-1 1-2 
Properties of Quads 0-1 1 1 
Subclass Inclusion 1 1 
Uncover Shapes 1-2 0-1 
Miniiui Properties 0-1 0-1 0-1 
Definitions 0 0-1 1 
Kites-properties 0* 0 1-2 
Subclass 1-2 1 1 
Module 2 
Angle Measurement 1 0-1 0 
Saw/Ladder 0-1 1 0-1 
Proofs-Saws/Ladders 1-2 1-2 0-1 
Angle Sum-Triangle 1 1 1 
Angle Sum-Quad 0-1 0-1 0-1 
Exterior Angle 1 1 1 
Module 3 
Concept of Area 0-1 1 
Area-Rectangle 1 0 1 
Area-Rt. Triangle 1 1 1 
Area-Parallelogram 0 1 1 
Area-any Triangle 
Area-Trapezoid 
1-2 1 
APPENDIX H 
STUDENT LEVELS OF THINKING 
ON KEY MODULE ACTIVITIES 
IN THE CLINICAL SETTING 
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The Project 
Stockiyn College Stucy 
Sixth (iradcrs Level of Thinking on Key Module Activities 
Group i 
(Level 0) 
Group H 
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Angie 
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The Project 
Brccxiyn Cciiege 3tuay 
Ninth (jraacrs1 Level of Thinking on Key Module Activities 
Group IV Group V 
''Level 0) (Levels 0-1) 
Group VI 
(Levels 1-2) 
Basic Concerts 0* 0* I i-l ■ D 1 •i-i ! 1 I . i J Is • s ^ 
Sorting 
i Polygons. Quads) 0 0 I ] J ; ; 1 i i *»S i 1 Is • s ; j 
Prooenies oi 
Qo.ius n-ip O-lo In 1 Z !p !d ‘O Id ! i 1 i s ■ i A 
Suociaxs 
Inclusions 0-1 0 I is '.J Is l I i I-I 
- : i-: _ 
Uncover 
Shaoes 0 0 1 i Z 1 l 1 : I-; i-: 1-2 1 
- • S 
Prooenies 0-1 0 1 Is I I I i i-: 2 2 
Definitions 0-1 0-1 Ig 1 Ip >5 i 1 1-2 t ^ 
kites 
Prooenies 0 0-lp 1 Ig Ip is Ip l 1 Ip 
Subclass 0 1 lo Id 1 i 1 I 1 
Aneie 
Measurement 0 0 Ip 0 0 0 0 0 0-11 I I 1 1 i 
Saw/Lauder I Ip 1 1 1 0-1 1 0-1 l 1 1-2 1-2 1-2 1-2 
Proois vu 
Saw/t auger l-2p 1-2 1-2 l-2p l-2p l-2g 1-2 l-2g 1-2 2 1-2 
Angie sum: 
Triangle 1-2 1-2 1-2 1-2 1-2 1-2 1-2 l-2p 1-2 1-2 1-2 1-2 :-2 
Angie auin: 
Quaa. Pentagon 1-2 1-2 1-2 1-2 l-2o 1-2 1-2 2 21-22 1-2 2 
Extenor 
Angie I g I-2p 1-2 1-2 1-2 2 2g 
Concert 
of Area 0 0-1 0-1 0-1 0-t 0-1 0-1 1 10-111! 
Area: 
Rectangle I lg I Ig Ig Ig 1 1 1 1 1 1 
Area: 
Rigm Fnangte 0-1 1 1 1 Ig 1 Ig 1-2 1-2 !g 2 1-2 ; 
Area: 
Paraiuiognm 0-1 1 1 Ip 1 1 1-2 1 : 2p ; 
Area: 
Anv mangle 0-1 : i ip 1 1 1-2 Ig 2 1-2 : 
Area: 
Traoezoiu !-: ip o-i i 1-2 1-2 : : : ; 
Area: 
Miulme Pule 1-2 1-2 1-2 1-2 1-2 :-2 
Kev 0* *eax response 
g resoonued witn cuiaance 
p rwoonoeo alter a orotnot 
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Class A: 
Chad: 
Ross: 
Rick: 
Tony: 
Shawn: 
Karl: 
Greg: 
Adam: 
Annie: 
Pat: 
Ralph: 
Allyson: 
Neil: 
Desray: 
Dinah: 
Participant Evaluations 
I had fun with the geoboards. I think it was 
boring. 
Geometry is fun because it is interesting. 
This is the only time I ever had geometry. 
At first I did not like it, but now I think 
it's fun. 
Fun. 
Type of math working with shapes. 
I knew all of the things. The work was not 
too hard. I'm having a little trouble. 
This is the first time I ever had geometry. 
Geometry is cool. 
Measurement of shapes. 
I learned about shapes and other 
relationships. 
It was boring. 
Easy because it is with shapes. 
I like geometry. This is getting real 
boring. 
I did geometry before but it was different. 
OK. 
I learned to do area. 
First year doing geometry—I think it is fun 
and easy. 
This is the only time I have ever done 
geometry. I think it is fun because we learn 
new activities. We wrote this on our paper 
so we could look back on our geometry 
lessons. 
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Ted: Geometry is interesting when you work with 
shapes in your mind. I never had any 
geometry and I enjoyed it. It helped me. 
Carole: The blackboard reminds me of geometry. 
Lucy: Geometry is identifying shapes and knowing 
the name of shapes. I sort of understand— 
not really. 
Class B: 
Colleen: It was different than other math. First 
year. 
Tommy: First year. 
Helen: Second year, fun and interesting. 
Fran: Different than last year, this is more into 
it. 
Jay: Fourth year, better than before. 
Sondra: First time. 
Kurt: First time. 
David: Different measurements. 
Kevin: Shapes and sizes, learning what each shape is 
and being able to find things such as lengths 
and areas, second year—more in depth. 
Carolyn: Have done geometry before. This isn't really 
like the geometry we did before. It is not 
totally different either. 
Joseph: This is my fourth doing geometry. It's more 
interesting than other classes I've had. 
Nancy: Shapes together. 
Hillary: This was the first time I have done geometry. 
I liked doing geometry very much. 
Lorie: First time—I learned a lot. 
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Gilbert: I have done geometry before. It was fun. 
Billy: I liked it a lot. I helped put down geometry 
tiles in my bathroom yesterday. Geometry is 
fun. 
Mary: This is my second year of geometry. This is 
an easier way to learn. 
Leigh: This is the first time I have done geometry. 
I liked the journal and the hands-on. 
Bob: We learned about area. I learned geometry 
about two years ago. I liked this way 
better. 
Kennetha: : Fun because you use shapes—First time doing 
geometry and I liked the lesson. It was 
easier to learn with hands-on. I can't 
believe it is in our everyday lives. 
Rosemary: : Geometry is fun. Geometry is a great 
division of math. I hope we go over it next 
year in math. It was my first year. It was 
a great experience. 
Brenda: Third year in geometry—best this year I 
think because I knew most of the terms. 
Corrine: Geometry—very interesting. I learned a lot 
this year. This is the first time I have 
ever done anything with geometry. 
Paul: This was my first time. I thought it was 
very educating. 
Class C: 
John: This is very fun now with geometry. I've 
never done any geometry before but a concept 
I learned is if you divide the height times 
base by two—answer area of triangle is half 
a rectangle. My evaluation—it's good—do it 
next year. 
APPENDIX I (cont'd) 
Kris: 
Mel: 
Patrick: 
Mike: 
Rose: 
Willy: 
Janine: 
Martha: 
Lisa: 
I have done geometry in 4-6 grades. I felt I 
learned how to determine geometry shapes from 
each other. I learned geometry concepts. 
Geometry taught me much. 
This geometry unit was really a review for 
me. Last year we spent more than half of the 
year doing geometry. Some activities were 
different but it all led to the same stuff. 
During previous years I have not learned much 
at all with geometry. The saws and ladders 
seemed to help me a lot. Also the course 
seemed interesting during some parts. 
Little prior experience with geometry—6th 
grade we worked with shapes only. I was 
helped by family trees. Very well done 
catching up people from different geometry 
backgrounds. 
I didn't have much previous knowledge of 
geometry except for names of certain shapes. 
I learned that there are two less triangles 
in a shape than the number of sides. This 
unit was somewhat tedious because I didn't 
really enjoy parts, but I did others. 
Before this lesson—experiment—I didn't do 
much with geometry but now I understand about 
shapes, angles and degrees. My evaluation is 
it is interesting at times. 
I have never studied geometry before so I 
don't know all the shapes. Last year we 
worked with rays and radius but I don't know 
if that has to do with geometry. 
I did geometry in an algebra way. I did more 
with measurements of shapes. I learned 
nothing new and was "bord" through the lesson 
so I got confused. 
I did geometry in sixth grade. Now I learned 
to find area of irregular shapes. The chart 
actually helped me find areas. 
APPENDIX I (cont'd) 
Lois: 
Donna: 
Megan: 
Gretchan: 
Tamara: 
Cleo: 
Ginger: 
Arthur: 
Previous geometry was little or none. I 
learned that different shapes are 
interchangeable. They compare with each 
other. 
I don't understand half of what we did but I 
learned it later. It really didn't interest 
me. I prefer algebra. I like to work with 
numbers. 
Last year we worked with geometry only a 
little, but enough to understand it. The 
sheets of activities we did this year did 
really help me to understand it more. We 
worked a lot with it and I'm getting used to 
it. It was pretty good. 
In the sixth grade we did a lot of work with 
all kinds of geometry. This year I realized 
lots of concepts that I didn't last year like 
saws and ladders. Overall this was OK, a bit 
slow sometimes, but the things we did were 
good though. 
Last year was the first year I learned 
geometry. This year I learned a lot more and 
it was more difficult too. We learned about 
ladders and saws. Last year we learned 
degrees of triangles and we did that this 
year too. 
Doing the chart where we connected everything 
in relationship to each other helped me to 
understand everything better. The whole 
group of lessons was good and really helped 
me understand shapes and types better. 
I've never done this before. I just knew the 
basic shapes. I learned a polygon has many 
sides. I learned how to decide the angles of 
patterns. The lessons were pretty boring but 
I guess I learned something. 
I took geometry in sixth grade and it was 
nothing like this. We never learned about 
saws and ladders. It was OK but boring. 
APPENDIX I (cont'd) 
Betty: 
Ardis: 
Ruth: 
Donnie: 
Marlena: 
Cissy: 
Bobby: 
Stu: 
The lesson was OK this year but I didn't 
really learn much—kind of a review of what I 
learned and just refreshed my memory. 
Previous to this year I didn't have very much 
geometry. One of the most important things I 
learned was that the number of sides minus 
two equals 180 degrees in any polygon you 
draw. Most of the times I was totally lost. 
I used to have a little geometry every year. 
Mostly last year we did area, perimeter, 
closed and open shapes which I wasn't very 
good at. All the angles and degree talk 
helped me learn about degrees and angles. 
The most fun was the geo-board. 
I have been learning a little bit of geometry 
4-6 grades and this helped me to tie it all 
together. The thing that helped me most 
understand was when we learned to make saws 
and ladders. 
I have done geometry. All we did was 
identify objects. This tied ends together. 
I really like geometry and would enjoy it 
next year. 
I did area and perimeter in sixth grade and 
we learned shapes and stuff in fifth grade. 
I learned other stuff about geometry this 
year. I learned how to find the area of a 
parallelogram. I thought this class was OK. 
Before this year we studied shapes, perimeter 
and area. This year we went over last year's 
stuff and experimented with new shapes such 
as parallelograms, trapezoids, etc. We 
categorized these shapes with different 
ideas. 
I've worked with geometry every year since 
second grade, especially last year we spent 
half of the year working with area, shapes, 
pi, volumes. This geometry unit taught me 
not just to look at a shape but to compare it 
with other shapes. This unit was fun in some 
ways. 
APPENDIX I (cont'd) 
Allen: 
Lona: 
Paul: 
Kate: 
Wanda: 
Lynda: 
Tricia: 
Study of shapes and sizes. 
I learned a lot about saws, ladders, degrees, 
different shapes and finding areas. I had 
fun learning it too. I had not done much 
before this. 
This is the first year I've done geometry. 
Saws and ladders helped me learn the concept 
of shapes. I learned many things about 
geometry. 
I have done geometry every year but a small 
section. 6th grade was a large section but I 
didn't understand some. The activities that 
we've done have helped me understand how 
shapes and concepts are. One was the 
exercise with us getting buildings and 
determining shapes. The exercises were 
helpful. 
I had geometry since I was in 2nd grade. I 
did learn some more than what I knew and I 
enjoyed the way we always drew things out and 
did activities with them. It was very 
interesting and I enjoyed it. 
Little each year. I think geometry can be 
boring and fun. All exercises were equally 
helpful in helping me learn geometry and 
geometry figures. 
I only had geometry in 3rd grade and I don't 
remember anything except lines and line 
segments. Learning about 180 degrees in a 
triangle helped me understand how to measure 
triangles. Also learning about right angles 
helps me identify more shapes than I could 
before. It also got me out of real math. 
Before this class I knew very little about 
geometry. The thing that helped me 
understand was the arrows. The geometry 
class was OK and I learned a lot and actually 
understood it. 
Susan: 
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